


Representations of the symmetric group
and the Schur-Weyl Duality

Introduction : The aim of these lectures is to study representation theory of
symmetric groups and use it to study some representations of the general linear
group. This can be treated as an introduction to the material covered in chapters
4 and 6 of the book by Fulton and Harris. Let V' be a (finite dimensional) complex
vector space. For a fixed positive integer n, we have natural action of GL(V') (from
the left) and the symmetric group S, on V" (from the right), given by

gV ® - ®uv,) =gu @ R gu,, g€ GL(V)

and
(U1 X Un)CT = VUs—1(1) K- ® Ug=1(n), O € S

It is an easy exercise to see that these two actions commute with each other. This
fact plays an important role in the theory. The representaion theory of .S, and
that of the general linear group GL(V') tie up in the study of representation of
GL(V) x S, on V®". There is a pairing between irreducible representations of
Sy, and irreducible representations of GL(V'), which will be made precise among
other results. We shall first breifly review some results in representations of finite
groups. The notes are mostly self-contained, have been (shamelessly!) copied from
the book by Fulton and Harris. Warning : Watch out for mistakes!!!

A quick review of representation theory

In this section, we will briefly recall some main features of representation theory
of finite groups, for proofs of results we refer the reader to Fulton and Harris. All
representations in these lectures are finite dimensional and are defined
over the complex field. A representation of a group G on a (complex) vector
space V' is a homomorphism p : G — GL(V). We will sometimes denote this by
saying (V, p) is a representation of G.



Examples : The constant homomorphism G — GL(V) is called the trivial
representation of G on V. Let X be any set with a (left) G-action (denoted by
gx) and let V' be a vector space with basis {e,|z € X}. The G has a representation
on V' by permuting the basis, i.e. for ¢ € G' we define ge, = ey,. This is called the
permutation representation of GG on X. By a map between two representations
(V, p) and (W, 7) we mean a linear map ¢ : V' — W such that ¢(p(g)v) = w(g)p(v)
forall g € G, v € V. We write gv for p(g)v when the context is clear. Isomorphic
representations are called equivalent. A sub-representation of a representation
(V,p) is a subspace W C V such that p(g)W = W for all ¢ € G. We call a
representation irreducible if it has no sub-representations other than zero and
itself.

Group algebra and the Regular representation : Let G be a (finite) group.
The group algebra C[G] of G is the vector space of all (complex valued) functions
on G. Let ¢,9 € C. We define the product on C[G] by

d(x) = dy)v(2).
ya=z

This makes C[G] a C-algebra. The characteristic functions of elements of G form a
basis of C[G] (prove this!). Namely, let e, for ¢ € G denote the function e,(h) = 1 if
h = gand ey(h) = 0if h # g. Then any ¢ € C[G] has the expression ¢ = >_ ¢(g)e,.
We identify the functions e, with ¢ € G and treat elements of C[G] as linear
combinations of elements of G. We have dimC[G] = |G|. The representation
of G on C[G] via left translations (i.e. by permuting the basis G) is called the
left regular representation of G. Clearly the regular representation is the
permutation representation of G for the left translation action on G. The regular
reprewsentation of contains all irreducible representations of G ( upto equivalence
). The representations of G are precisely (left) modules over C[G]. Irreducible
representations are simple modules over C[G], which in turn, upto a C[G]-
isomorphism, are the simple left ideals of C|[G|. The group algebra C|G] is
semisimple, i.e., is the direct sum of its simple (left) ideals. As a consequence,
any C[G]-module is semisimple. We have therefore

Theorem 0.0.1. Every irreducible representation of G is contained in the reqular
representation.

Theorem 0.0.2. Any representation of G is a direct sum of irreducible represen-
tations, i.e. is completely reducible.

Remark : We maybe given a right action of a group G on a vector space V', mak-
ing V into a right C[G]-module. We have an involution (i.e. anti-automorphism



of order 2) on G, namely g — ¢g~'. This induces an isomorphism of C[G] with the
opposite group algebra C|[G|°P, where the product is the flipped product of the
one in C[G]. This converts the right representations of G into left representations
of G. We will apply this to the situation G' = S,, and the representation on V®" as
described in the introduction and treat V" as a left C[S,]-module via this gadget
(write the left action explicitly!).

A representation which is direct sum of irreducible representations, all isomor-
phic to a representation S, is called isotypical of type S. Clearly any representa-
tion can be broken into its isotypical components. Since any simple C[G]-module
(i.e. an irreducible representation of G) is isomorphic, as a C[G]-module, to a
simple left ideal of C[G], to find the irreducible representations of G, we must
locate the simple ideals making up C[G]. This is done by constructing projections
of C[G] onto the simple ideals, which is same as constructing certain idempotents
in C[G] ( why? ). We shall do this in the case of symmetric groups. The number
of irreducible representations of a finite group is finite, in fact,

Theorem 0.0.3. The number of inequivalent irreducible representations of a finite
group G s equal to h, the number of distinct conjugacy classes in G. We have
C[G] =~ 1/~ My, (T), M,,,(C) is isotypical of type S, where S; can be taken to
be the set of all matrices in M,,,(C) whose all coulmns but the first are zero. We
have |G| = Z?Zl m2, m; =dim(S;), 1 <i<h.
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Given a representation V' of G, there are non-negative integers d;, uniquely
determined by V', such that V ~ Vl@d1 D---D Vh@dh, where V; are the inequivalent
irreducible representations of G. We call d; the multiplicity of V;. Hence

Theorem 0.0.4. An irreducible representation of G occurs in the reqular repre-
sentation with multiplicity equal to its dimension.

Character theory : Let (V) p) be a representation of G. The function y, : G —
C, g trace(p(g)) is called the character of (V, p).

Examples : For the trivial representation (V,p) of dimension d, x,(g) = d for
all ¢ € G. For the regular representation we have x,ee(g) = |G| if ¢ = 1 and
Xreg(9) = 0 if g # 1. This is a special case of the following situation. Let H be
a subgroup of G and consider the permutation representation on X = G/H. We
describe the character of this representation below :



Proposition 0.0.5. Let g € G and let Cy be the conjugacy class of g. Then the
character of the permutation representation of G on G/H ‘s given by
|C. N H|

[

Functions which are constant along conjugacy classes of G are called class

x(z) =[G : H]

functions. The vector space C(G) of all class functions on G has a natural basis,
namely the set of characteristic functions of conjugacy classes in G (prove this).
We introduce an inner product on the space of all functions on G by

1 -1
<ev>=1m D ol ().

z€G

We have,

Proposition 0.0.6. The set of mutually inequivalent ireducible characters of G is
an orthonormal basis for C(G).

Corollary 0.0.7. The multiplicity of an irreducible character x; in a character x
18 < X, Xi >

The high point of character theory is

Theorem 0.0.8. Two representations of G are equivalent if and only if their
characters are equal, i.e. the character determines the representation.

Representations of the Symmetric group

Exercise : Let § = (ay,---,a,) be an r-cycle in S, and o € S,. Show that
ooc~! = (0(ay), -+ ,0(a,)). Show that any two permutations have the same cycle
structure ( i.e. the lengths of cycles in an expresession as a product of disjoint
cycles) if and only if they are conjugate.

Theorem 0.0.9. The set of conjugacy classes of S, is in natural bijection with
the set of all partitions of n. This simply says that a conjugacy class is uniquely
determined by a partition of n.

In what follows, we will associate, to a given partition A of n, a simple left ideal
of the group algebra C[S,,], thereby giving an irreducible representation V) of S,.
These will be shown to be inequivalent for distinct partitions and hence we would
have all the irreducibles for S,,. These modules are called the Frobenius-Young
modules for S,,. We now exploit the above bijection between partitions of n and
the conjugacy classes in S,,.



Definition 0.0.10. By a partition \ of n we mean a decreasing sequence of
positive integers A = (A,---, A) with Ay > A\ > --- > A\, > 1 such that

We also write n = )" | 4, where ~; is the number of times i occurs in the
partition A of n. We book-keep this by the notation A = (1*1,... % ... nin)
In the above definition, r is called the depth of A. Two partitions A and p of n
are equal if they have equal depth and \; = pu; for all 7.

Lexicographic order : On the set of partitions of n, we have a natural total order
>, called the lexicographic order, given by A > p if either A = p or, at the first
place ¢ where A and p differ, \; > p;. Here A = (A, -+, Ax) and g = (pq, -+, pur)-
For example, (2,1) > (1,2) > (1,1,1)

The number of partitions of n is denoted by P(n). For example, P(1) =1, P(2) =
2, P(3)=3, P(4) =5, P(5) =T and so on.

Proposition 0.0.11. Let A = (17,--- ;n") be a partition of n. Let Cy be the
conjugacy class in S, of cycle type X. Then

n!

|C>\‘ - 1’71*}/1!'2’72ry2! PP n’anyn' ’

Proof. We can enumerate the elements in Cy by laying out ~; blank cycles of lengths
7, 1 <1 < n and filling numbers from 1 to n in them. We have n! ways of doing
this without repetitions. Now, each cycle of length 7 has 7 expressions giving the
same cycle and disjoint cycles commute with each other. Hence the product of all
i-cycles in a reprsentative of Cy in the above count repeats ¢7i~;! times. The result
now follows. O

Characters of S, : Let A = (A1, -+, \;) be a partition of n. We call the subgroup
Yy = S\ X --- xS, of S, a Young subgroup of shape A. Clearly the index of
this subgroup is n!/(A!, .-+, A\.!). The permutation representations of Young
subgroups are of special importance.

Theorem 0.0.12. Let A be a partition of n as above and let (\ be the character
of the permutation representation Uy defined by the Young subgroup Y. For a
conjugacy class C,, the character value is given by

(A ADIC]

O (Cu) -

Proof. This is immediate from Proposition 0.0.5. O



Hence we need to compute |C, N Y,| in the above, since we already have
computed |C,|. Let A = (Ay,---,A) = (17, -+, n7) and p = (w1, -+, ps) =
(1¢,--- ;n). Now, any element 6 € Y) is of the form § = 6, - - -, for uniquely
determined elements ¢; € Sy,, 1 <7 < r. Let [;; be the number of j-cycles in the
cycle decomposition of 6;, 1 < j < n. Hence we have,

j=1
If 0 € C, then the total number of j-cycles in # must be ¢;, for all j. So that we
also have

6]':2[2']'7 1§]§7’L (2)
i=1

Hence to each 6 € C, NY,, we have associated an r x n matrix (I;;) of non-negtive
entries satisfying the above equations and conversely, given any such matrix, we
can get an element ¢ € C, NY) associated to it. Let us now count the num-
ber of elements in C, NY) associated to the same matrix ([;;) satisfying (1) and
(2). For a fixed i, equation (1) determines a conjugacy class in S, of cycle type
(1hr, ... jli plin) which is a partition of \;. By [?], this conjugacy class contains
6 = N!/(Uly! - -nlinl;!) elements. Hence C, N'Y) contains [];_, §; elements

corresponding to the same matrix satisfying (1) and (2). Hence, we have,

r )\z'
‘C;L N YA‘ — ZH 1li1li1! . .nlmlm!u

the sum being over all sets {l;;} of non-negative integers satisfying (1) and (2).

Combining this with Theorem 0.0.12 and simplifying a bit, we get

Theorem 0.0.13. The value of the permutation character (\ corresponding to a
Young subgroup of shape A on a conjugacy class C, is given by

n N
@)=Y Tl
=1 j71: jn:

the sum is over sets {ls} of all non-negative solutions of (1) and (2).

The set of all irreducible characters of S, is a basis of the group of all characters
of S,,. We have in fact,

Theorem 0.0.14. The set {(\} of permutation characters corresponding to all
Young subgroups of S,, is a basis of the group of characters of S,. In particular,
all characters of S,, take integer values.



We will supply a proof of this later (after we introduce Schur polynomials in the
next section).

Young diagrams and tableau : We represent a partition A = (A; -+, \;) of n
combinatorially by arranging boxes in rows, with the sth row containing \; many
boxes and such that the left most boxes in all the rows are in the same column and
then the next and so on. We get then an array of (empty) boxes, called a Young
frame or a Young diagram (of shape ) . Given a partition A = (Ay,- -+, A,) of
n, the partition X = (\|, -+, \,) is called the conjugate partition of \ where )\,
is the number of boxes in the ith column of 7). The Young diagram below depicts
the partition A\ = (5,5,3) of n = 13.

Figure 1:

Young diagrams provide us with a tool to construct certain projection oper-
ators for the regular representation of S,, which in turn provide us with the
irreducible representations of S,,. To acheive this, we fill the empty boxes with
distinct numbers from 1 to n, resulting in a Young tableau as pictured above.

4112|10
9|11|13

Figure 2:

Exercise : Prove that for a Young diagram with n boxes, there are n! Young
tableau.

Row and Column groups: For a given Young diagram, the Young tableau are
in a natural bijection with elements of S,,. We associate to a Young tableau T
the permutation o € S,, such that o(1),0(2),---,0()\]) are the entries in the first
column from top to bottom, o(A] + 1),---,0()\,) are the entries in the second
column and so on. Hence we may write Ty (o) for a Young tableau corresponding
to the shape A. Note that S,, acts on the set of tableau of a fixed shape A\ by
permuting the entries, o(7y(0)) = T\(00) for 0,0 € S,. We can associate two
natural subgroups of S, to a fixed tableau T)(c). Let P(T)\(0)) = P) be the set of
all permutations in S, leaving the rows of T)(¢) invariant. We call this the row



group of the tableau. The column group @, = Q(7T)(¢)) of a tableau is defined
similarly. The proposition below lists some basic properties of these groups.

Proposition 0.0.15. Let A = (A, -+, \.) be a partition of n and Ty be a Young
tableau of shape A. We then have

1. Q(Ty) = P(Tx), where X is the conjugate partition of .

2. P(T\) ~ Sy, X ---x S),, where S, is the symmetric group on the entries of the
ith row of Tx. Hence P(T)) is a Young subgroup of shape \.

3. P()NQ(TY) = {1}, P(o(T)) =oP(Th)o~! and Q(o(T2)) = 0Q(Tx)o " for
oes,.

Proof. The proof is an easy exercise. O

Young symmetrizers : For a fixed tableau of shape A, let P and () denote the
row and coulmn groups respectively (with respect to a partition A of n). We single
out two special elements of the group algebra C[S,,] as follows. Let

ay = Z eg, by = Zsign(g)eg.
gepP 9€Q

Since the coefficients of both a, and by are nonzero, as elements of C[S,,| both
ay, by # 0. Before we go on, let us look at an example. Consider the partition
A= (2,1) of 3 and the tableau as below

1] 2]
3

Figure 3:

Here the row group Py = S{2y. Hence ay = e; + e 2). While, the column
group Qx = Sy, hence by = e; — e 3. Let us now see what ay and by do.
Let V be any complex vector space. Then we have seen that S,, acts on V" by
permuting the factors. Thinking of elements of S, as endomorphisms of V®" in
this fashion, we can identify C[G] with a subalgebra of End(V®"). Hence both
ay and by can be thought of as endomorphisms of V. If A = (A, -+, \,), then
the row group P, >~ Sy, X -+ x S, is a Young subgroup and a, is the sum of all
elements of this group. Taking into account the action of S, on V", it follows
that

Im(ay) = Sym™ (V) ® Sym™(V) ® - -- ® Sym™ (V) c V¥",
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where we group the factors of V" according to the rows of the Young tableau.
Similarly we have

p1

mm(by) = AV)e AV)& o A\(V) c V",

where p = (g, -+, ) is the conjugate partition of A\. The Young diagram of the
conjugate partition is simply the tranpose of the Young diagram of .

Example: In the figure 3 above, these calculations yield, for z; ® o ® 3 €
VeVvVeV,

a,\(x1®x2®x3) = (61+€(12))(1’1®1’2®1’3) = $1®$2®1’3+$2®$1®1’3 € Sme(V)®‘/,

and

2
bA(21@ 2 ®a3) = (e1—€(19)) (21 @0V x3) = 11 VT VT3 — 1301071 € [\(V)OV.

Thus we see that ay(V®") = Sym?(V)®V and by (V®") = A*(V)®V. The element
cx = ay.by € C[S,] is called a Young symmetrizer.

Example : For the partition of 3 in figure 3, the symmetrizer

ey = (e1+eqaa))(er —eas)) = e1 + eqa) — eas) — €asz)-

We have

2
A(T1®22023) = 21 QT2 QT3+ T2 QX QX3 —T3@Ty @X1 — T3 QX1 @Ly € /\(V)®V-

When A = (n), we have Py = S,, Qx = {1}. Hence ay =3 5 €, by =1and
ey = axby = ay = 3 g €y Further ey (V") = Sym"™(V). When A = (1,--- 1),
we have Py = {1}, Q)= S5,. Hence ay =1, by = desn sign(g)e, and ¢y = by =
> ges, sign(g)e,. We have, in this case, cx(V®") = A"(V). We will see later that
the images of various symmetrizers give almost all irreducible representations
of GL(V'). First let us record some basic properties of the elements constructed
above:

Proposition 0.0.16. With notation as above we have
1. C) 7£ 0

oay = ayo = ay for all o € Py.

Tby = byt = sign(7)by for all T € Q.

ocy =cy for all o € P,.

ext = sign(r)ey for all 7 € Q.

Sk b
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Proof. 1. We have
cy = (Z 0)(2 sign(7)7) = Z Z sign(t)oT.
oceP TEQR oceP teQ

Now PN @ = {1}. Hence if o7 = ¢'7’ with 0,0’ € P and 7,7’ € @ then 0 = ¢’
and 7 = 7. Hence c, is a linear combination of distinct elements in S, (as an
element of C[S,]) with nonzero coefficients. Hence ¢, # 0.

2 and 3 are immediate from the definitions.

4. For 0 € Py we have, using 2,

ocy = gayby = (0ay)by = ayby = ¢,
5. For 7 € () we have, using 3,
ext = a)byt = sign(7)ayby = sign(7)c,.
0

We now come to the much awaited result, that tells us how to get the irreducible
representations of .S, from the regular representation.

Theorem 0.0.17. & = nycy for some complex (in fact rational) number ny. The
ideal C[S,].cx is a simple left ideal, i.e. V) = C[S,].cx is an irreducible repre-
sentation of S,. All irreducible representations of S, arise this way, for a unique
partition X of n.

We will break the proof of this theorem into easier steps in the form of lemmas.

Lemma 0.0.18. For alloc € P and 7 € ), oca(sign(7)7) = ¢\ and, up to a
scalar factor, cy is the only such element in C[S,].

Proof. For 0 € P and 7 € () we have
oex(sign(r)7T) = sign(7)ent = sign(T)Qc,\ = cy.

Conversely suppose ) g nyg € C[S,] satisfies the above condition. Then, for all
p € P and ¢ € Q we have sign(q)p(d>_nyg9)q = > nyg. Hence n,,, = sign(q)n, for
all g, p, ¢. Putting g = 1 we get n,, = sign(¢)n;. Since ¢\ = D peP 2-qcQ sign(q)pq,
we would be done if we prove n, = 0 if g ¢ P(Q). Let g be such an element. Suppose
we manage to find a transposition ¢ such that t = p € P and ¢ = g~ 'tg € Q.
Then g = pgq and by the above calculation,

ng = sign(g™'tg)ny = sign(t)ng = —ny,

and hence ny, = 0. We will prove next that such a transposition indeed exists. [
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Lemma 0.0.19. Let A\ and p be partitions of n and suppose X > v in the lexico-
graphic order. Let Sy and T, be fized Young tableau of shapes A and i respectively.
Suppose no two numbers appearing in the same row in Sy are in the same column
of T,. Then A = p and Ty = o1Sy for some o € P(S)) and 7 € Q(S)).

Proof. The number of entries in the first row of Sy is equal or bigger than that
in the first row of T},, since A > u. Suppose it is bigger. Then since the number
of columns in 7, is the number of entries in the first row of T, by pigeon hole
principle, some two entries of the first row of Sy must occur in the same column of
T,, contradicting the hypothesis. Hence the number of entries in the first row of
both the diagrams must be same. There is a column permutation (i.e. an element
of the column group) 7 of 7, so that the first row of 717}, has the same entries
as the first row of S). Now note that the entries in the second row of S occur in
distinct columns of 7,7}, and in rows different from the first. Arguing as before, it
follows that Sy and 7,7}, and thus Sy and T}, have the same number of entries in
the second row. There is a column permutation 7 of 717}, (and hence of T},) so
that Sy and 7,757}, have the same entries in the second row, and so on. Hence we
see that A = p and there is 7 € Q(7)) such that the entries of each row of 7/'T)
and of Sy are the same. Hence there is 0 € P(S)) such that o5, = 7'T,. We have

7 € Q(Ty) = Q(7'Ty) = Q(aSy) = cQ(Sy)o .

Therefore, 7/ = o7 o™t for some 7 € Q(S)). Hence o7 o7 !T\ = 0S5, and
T)\ = O'TS)\. U

Corollary 0.0.20. Suppose g ¢ PQ. Then there is a transposition t = p € P
such that g~ 'tg € Q.

Proof. Let T, = g(Sy). We claim that there are two distinct integers appearing in
the same row of Sy and in the same column of 7},. If otherwise, by the lemma above,
A= pand T\ = o785, for some o € P(S)) and 7 € Q(Sy). Hence g(Sy) = a7(S)).
In other words g~t'or € P(S)) N Q(S)). Hence g = o7 € PQ, a contradiction.
Hence there are two distinct integers appearing in the same row of S and in the
same column of 7),. Let ¢ be the transposition flipping these two integers. Then
t € P(S\)NQ(T},). But Q(T,) = gQ(S\)g~*. Hence t = gsg~! for some s € Q(S)),
ie. g ltg e Q. O

Lemma 0.0.21. 1. If A > pu, then for all x € C[S,], axxb, = 0. In particular, if
A > then cxe, = 0.

2. For all x € C[S,], cxzey is a scalar multiple of ¢x. In particular, ci = N\Cy
for some ny € C.
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Proof. 1. Tt suffices to prove the assertion when z = g € S,,. Let T}, be the Young

-1

tableau corresponding to b,. Then gb,g~" corresponds to the tableau g7). Since

these are precisely all the Young tableau of shape u for g € .5, it suffices to prove
axb, = 0 when A > p. By Lemma 0.0.19, there are two integers in the same row
of T\ and the same column of 7),. Let t be the transposition flipping these two
integers. Then t is a row permutation of 7\ and a column permutation of 7.
Hence axt = ay, tb, = —0b,. Hence

a,\bu = a,\thu = —CL)\bu,

and so axb, = 0. That cyc, = 0 follows immediately.
3. Again, we may assume z = g € S,,. By Lemma 0.0.18, it is enough to prove,
foro € Pand 7 € Q,
o(exgey)sign ()T = exge.
We have,
o(cagen)sign(7)7T = (oeasign(7)7) 7 Lgeat
= c 7 gsign(7)ey = sign(77 1) eagsign(T)ex = cagen.

O

Exercise : Show that if A # p then ¢\C[S,]c, = 0. In particular cyc, = 0 if
A # .

Lemma 0.0.22. 1. For every patition X\ of n, V\ = CI[S,].cx is an irreducible
representation of S,. 2. If X # p then V\ and V,, are not isomorphic.

Proof. 1. We have, by 2 of the above lemma,
N C)\(C[Sn].C)\ C Cey.

Let W C V) be a subrepresentation, then cyWW C Cc,. Hence W =0 or W = Cec,.
If W = Cc, then

Vy = C[SH]C)\ = C[SH]CC)\ C C[Sn]W =W.

If c,WW = 0 then W.W C C[S,]ea. W = 0. Hence W is a nilpotent ideal in the
semisimple ring C[S,]. Hence W = 0. Note that, we have shown in particular
that c,\V) # 0, hence ny # 0 in the previous lemma.

2. We may assume A > p. Then, by 2 of the previous lemma, ¢,V = ¢ C[S,]ex =
Cey # 0. But c\V, = c,C[S,]c, = 0, hence V) 2 V.. O



14

Lemma 0.0.23. For any partition X of n, ¢ = nycy with ny = n!/dim(V}).

Proof. For this, let ¢ be the right multiplication by ¢, on V). Then ¢ acts as
scalar multiplication by ny on V) and as zero on ker(¢). Since V) = ker(¢) @ n,,
we see that trace(¢) = nydim(V}). On the other hand, to compute the trace of ¢
on V) = C[S,]cy, we must compute the coefficient of g € S,, in g.c). But

g.cx = g. Z sign(r)or =g+ -+,
oceP,TeQ
where the other terms are elements of S,, not equal to g. Hence trace(¢) = nl.
Thus n,dim(V)) = n! and we are done. O

Let us compute some examples to get a feel of what is going on. We must
remark here that if we take two Young tableau of the same shape then the
corresponding irreducible representations are equivalent. One must also note that
the theorem provides a natural bijection between conjugacy classes in .S, and
irreducible representations of S,,. Namely, given a conjugacy class, we have a
unique partition A of n. Take any Young tableau of shape A and construct the
Young symmetrizer c) to get hold of the irreducible representation V). That this
is a bijection follows from the basic fact that the number of irreducibles coincides
with the number of conjugacy classes, which is again the same as the number of
Young diagrams.

Examples : First let us look at the two extreme cases. Let A = (1,---,1). Then

Cx = Y _,es, Sign(o)o and

Vi = C[Splex = C[G]. > sign(o)o = C. Y sign(a)o.
0ESH ocESnh
Since on this one dimensional vector space, any element of S, acts via its signa-
ture, this is the alternating representation U’ of S, i.e. the representation of
S, on the one dimensional vector space C given by multiplication by the signature.
Now let us consider A = (n). Then ¢y = ay =) .5 o and

Vi = C[S,]. Z o=C. Za.
oESh oESh

Since every vector of this representation is fixed by elements of S,,, it follows
that this is the trivial representation U of S,,. Next, let us take the partition
A= (2,1) of 3, the corresponding Young diagram is as shown in figure 3. We have
cx =1+ (12) — (13) — (132), hence

Va = C[Ss].(1 + (12) — (13) — (132)).



15

It is easy to see that c(z1) and (13)ci 1) span V(g1). For example,
(12)6(271) = (12)(1 + (12) —(13) — (132)) = (12) +1-— (132) —(13) = C(2,1);
(13)cr) = (13)(1 + (12) — (13) — (132)) = (13) + (123) — 1 — (23),

Since the standard representation V' is the only two dimensional representation
of 53, it follows that V(s 1) is the standard representation V' of S3. The computations
for Sy and for higher .S,, become more involved, but can be worked out.

Exercise : Show that {vs, -, v,} is a basis for Vj,,_1 1) = C[S,].c,—1,1), where
v = Z €y — Z e, 1<7<n
o(n)=j T(1)=j

(Note that v, = c(n_1,1), v1 + -+ +v, = 0 and o(v;) = v; if o(j) = 7. Observe
that the standard representation V' has a basis {vy, - ,v;,} where v = ¢; —e;_1,
e; now denotes the standard basis of C"). Show that V{,,_1 1) is isomorphic to the
standard representation of .5,,.

Dimension of V) : For counting the dimension of V), we introduce the notion of
a standard Young tableau. From a given Young diagram, we get a standard
Young tableau by filling up the boxes with numbers as before, but such that the
numbers in all rows increase from left to right and the entries in all columns increase
from top to bottom. For example, the tableau in figure 3 is standard while the
tableau above is not standard.

3| 2]

1
| 4]
L 5]
Figure 4:

Young’s rule for the dimension of V) : The dimension of V) is the number of
standard Young tableau of shape \. We will prove this after we have proved the
Frobenius character formula.

As a simple example that we have already computed, consider the Young diagram
corresponding to trhe partition A = (2,1). Then dim(V(21)) = 2, as we have shown
above. Clearly we have exactly two standard tableau corresponding to (2, 1), shown
below.
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Figure 5:

There is yet another way to compute the dimension of V), called the Hook
length formula. The hook length of a box B in a Young diagram is the number
of boxes directly below and directly to the right of the box, including the box B
itself once. In the picture below, we have a Young diagram with each box labeled
by its hook length.

N [h [N |0

Figure 6:

Hook Length Formula :

n!
[[(Hook lengths)

For example, in the standard tableau of figure 3, by hook length formula, we have
dim(‘/(g,l)) = 3 = g = 2.

1.3.1

Exercise : (Determinantal Formula) Let A = (A1, -, \;) be a partition of n.
Prove the following formula

: 1 o
dlm(V)\) = nldet (m) s 1 S 1,7 S r.

Frobenius’ character and dimension formula : We will now describe a for-
mula for the character and dimension of the irreducible representation V), cor-
responding to a partition A = (Ay,---,\,) of n. Let C, denote the conjugacy
class in S,,, corresponding to the partition g = (1, -+ n“) = (ug, -, s, i.e.
e =n =D, p1 > p2 > -+ > s Let xp,--- , x, be algebraically indepen-
dent variables, here r is the number of rows in the Young diagram associated to
A. Let

1<j
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For a formal power series f(z,---,x,) and a tuple (I3, - - ,l.) of non-negative
integers, let
[f(2)]4y 1,y = coefficient of 2! -2l in f(x).

For the partition A of n as fixed above, define
11:)\1+T—1, lgz)\g—l-’l“—Q,"' 7lr:/\r-

Then clearly [y > ls > --- > [.. Let x, denote the character of the irreducible
representation V) studied above.

Theorem 0.0.24. (Frobenius Character Formula)

Xa(Cu) = [A(w). Hpj(fﬂ)ej](zl,---,lr)-

Proof. (sketch) We will use the computation of the character ¢, for the permutation
representation corresponding to a Young subgroup of shape A (Theorem 0.0.13).

We have n
. Ej!
SUCAEDDN | P
j=1 It I
where = (1, -+ ,n) and the sum is over all collections {r;; : 1 <i<r, 1<

Jj < n} of non-negative integers satisfying
n T
)\i:ZjTZ’j, 1§Z§T, Ej:ZT'ij, 1§j§n
=1 i=1

The sum on the right hand side of the above formula can be shown to be the

A1 Ar

coefficient of 2* = x7* - - -2 in the symmetric polynomial

Pl = (144 a) (@24 D)2 (@l 4 a?)o
We have therefore,
G(Cy) = [P©)], = coefficient of z* in P,
We need to compare this with
wa(€) =[AP9Y), I=O4+r—10+r—2-,\).

To prove the Frobenius character formula, we need to show x(C,) = wi(e). Let
P be a homogeneous symmetric polynomial of degree n in r variables and \ =
(A1, -, \) be a partition of n. Let [P]y be the coefficient of 2* = 2} -z in

T
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P. Let Hy = Hy,.H)y, --- Hy,, where H; is the jth complete symmetric polynomial
(sum of all distinct monomials of degree 7). Let K,x = [A(1). HxJ(uy+s—1,pat5—2, )
with A(u) = [,.;(%; — x;) is the discriminant corresponding to p = (g, -+, ).
We need

Lemma 0.0.25.

[P]A = Z KH)\[A(IU“)'P](#l+5_17l/‘2+5_27"'7#5)'

I

Applying this to the polynomial P = P, we have

OC) =) Kpwy(e) =wi(e) + Y Kowy(e) (%)

>\
Claim : Let x, be the character of V. Then, for any conjugacy class C,, of S,

XA(CL) = wale),
here pp = (1, -+  n).

Exercise :1. Let A = C[S,], so that V), = A.cy = A.a\by. Show that V) ~ A.bya,.
2. Prove that V) is the image of the map Aa), — Ab, given by right multiplication
by by and this is isomorphic to the image of the map Aby, — Aa, given by right
multiplication by ay.

3. Let U, be the permutation representation for the Young subgroup of shape A.
Show that U, ~ A.a,.

4. Show that U{ = A.b, is the representation of S,, induced from the (restriction
of the) sign representation on the subgroup @ ~ S, x --- xS, .

*5. From the above exercises, note that both U, and Uj contain a copy of V).
Show that V) has multiplicity 1 in both U, and Uj and that V) is the unique
common irreducible subrepresentation of U, and Uj having multiplicity 1 (Hint:
Use Frobenius reciprocity etc).

Using the exercises, we have a surjection of C[S,]-modules Uy — V), x +—
x.by. Semisimplicity (i.e. complete reducibility) of Uy tells us that V) is a summand
of U,, i.e. appears in U,.

Exercise : Show that Uy_11) ~ Vig—1,1) ©® V@) More generally, show that

U(nfava) = @Za:(] ‘/(nflvl)
Writing the permutation character ¢, (the character of Uy), in terms of irre-
ducible characters of S, and using the fact that V) appears in U, we have,

(= Zn/\uXw na > 1 and all ny, >0 (k).
o
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This, together with (x) above, we see that each w) is a virtual character.

wy = ZmAuXw My, € Z.

One can show that the w, are orthonormal. Hence,

2
1 =< wy,wy >= Zm)\u.
w

Therefore wy, = £x for some irreducible character y of S,. Fix A and assume
inductively that x, = w, for all ;4 > A. Hence by (x),

C)\ =w) + Z K;MXM-

u>A

Hence, by (x*), we have

wy + ZKuAXu = Zn)\uxlu na > 1, Ny > 0.
H>A B

Therefore, by the linear independence of irreducible characters, it follows that
WA = Xa- 0

Corollary 0.0.26. (Young’s rule) The integer K, is the multiplicity of the
irreducible representation V), in the permutation representation Uy,

Uy>Vy @ @ KoV, Gi=xx+ Z K Xu-

n>A n>A

Proof. We have (\, = wy + Zu>>\ K,»x, and by the proof above, wy = x. Hence
the assertion follows. O

Proof of Young’s rule for dim(V)) : We note that for the partition A =
(1,1,---,1) of n, the representation U, is simply the regular representation (ex-
plain!). Hence K. 1y = dim(V,). Now, K, can be shown to be equal to the
number of ways one can fill the boxes of the Young diagram of shape p with
A1 1’s, Ay 2’s upto A, r’s, such that the entries in each row are nondecreasing
and in each column are strictly increasing. Then Ky = 1 and K,y = 0if pp < A
This shows that dim(Vy) = Ky,.. 1) is the number of ways we can fill the Young
diagram of A\ = (Ay,---,\.) with 1 1’s; 1 2’s and so on upto 1 n’s so that the
numbers are strictly increasing in all rows and all columns, i.e. the number of
standard Young tableau of shape .
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Frobenius dimension formula : The dimension of V) is precisely the character
X evaluated at the conjugacy class of 1. The partition corresponding to this
conjugacy class is u = (n). Hence, by the above formula,

dim(V3) = xa(Ciw)) = [A(2)-(x1 + -+ + 20) 0 1)
We observe that A(z) =3 .o sign(o)zZ™ ™ 27071 and
n n! bt t
(1’1 4+ ... +-77r) = Z tlixllx; R
the sum being over r-tuples (¢, - ,t,.) with > t; = n. To compute the coefficient

of ' - - -zl in the product A(x).(z, + - - - 4 x,)", we pair the corresponding terms
in the above sums and get

_ n!
2SO G T G e T DT

the sum being over o € S, such that [,_,;; —o(i) +1 >0, 1 <7 <r. This sum
is rewritten as

Z'ngn Hl (lj—ok—7+1)4+2)= Z'H

o€eS, 1<j

Hence, we have

Theorem 0.0.27. (Frobenius Dimension formula)

dim(V)) = l AR H l;), where l; =\ +1 —i.

1<j

Examples :1. Consider n = 3, A = (2,1) with \; = 2,\y = 1 (so r = 2) and
i = (3), so that Cs) is the conjugacy class of (123). In this situation, we write p
as = (19,29 31). So that ¢, = ¢, =0, €3 = 1. We have

Py(x) =21+ 19, Py =23+ 13, P3(x) =25 + 25, Alx) = (21 — 2).
Also

Lh=M+r—1=242—-1=3, lb=X+r—-2=14+2-2=1.
Hence

Xen)(Ca) = [(m1 — @2) (@1 + 22)° (2] + 23)° (2 + 23)]31) = —1.
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Now, let u = (2,1) = (1',2',3%), so that ¢, = 1, e =1, e3 = 0. Hence

Xen (Can) = [(z1 — z2) (21 + 22) (2] + 23)| (1, 1) = 2] — 25)31) = 0.
Finally, let u = (1,1,1) = (13,2°,3%), so that ¢, = 3, €3 = €3 = 0. Hence

Which is what we had calculated for the standard representation of Ss.

2. Let n =4 and A = (2,1,1),80 Ay =2, Ay =1, A\3 = 1 and r = 3. Let
po=(2,2) = (1°,2%2,3%,4%), so that ¢, = €3 = ¢4 = 0 and & = 2. Also [; =
243—1=4,l,=14+3—-2=2, l3=1= A3. Hence

X210 (Ce2) = [(x1 — 22) (21 — 23) (22 — x3)(f’5% + x% + x%)Q](4,271) =—1L
Now, let u = (4) = (1°,2°,3°,41) so that ¢, = ¢; = ¢3 = 0 and ¢4 = 1. Hence
X@11)(Cay) = [(21 — 2) (w1 — 3) (w2 — 23) (2] + 25 + 25)]420) = 1.

Next, let g = (3,1) = (1%,2°,31,4%), s0o ¢, =1, €5 = ¢4 = 0, €3 = 1. Therefore,

X210 (Ciany) = (21 — 22) (21 — 23) (T2 — 23) (21 + 22 + 373)(170:;’ + l’g + :Bg)](4,271) =0.
Let u=(2,1,1) = (12,2',3°,4%), so that ¢, =2, e =1, €3 = ¢4 = 0. Hence,
X1.1)(Caryy) = (21— 22) (21— 23) (w2 — 23) (21 + 29 +23)° (2] +25+23) ] a20) = —1.
Finally, let u = (1,1,1,1) = (1*,2°,3% 4%, so that ¢; =4, €, = €5 = ¢4 = 0. Hence
X(2,1,1)(C(1,1,1,1)) = [(z1 — @2) (21 — 23) (w2 — 3) (21 + 22 + 953)4](4,2,1) = 3.

We see that these match with the character values of the 3-dimensional representa-
tion V ®U’, where V' is the standard representation and U’ the sign representation
of Sy (verify this).

Proof of Hook length dimension formula : Let A = (Ay,---,\.) and [} =
M+r—1, 1l =X +r—2,--- .1, = \.. Then the hook lengths of the boxes in
the first column of the Young diagram of shape \ are precisely Iy, - ,[.. We will
prove the hook length dimension formula

n!

dim(13) = [[(Hook lengths)
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by induction on the number of columns in the Young diagram, assuming the Frobe-
nius dimension formula. By comparision of the two formulae, we have to show

It---1,!
(Hook lengths for \) = =———.
H Hi<j (li - lj)
If there is only one column, we have A = (1,,1,---,1) and V(y1,.. 1y ~ U’, the
sign (alternating) representation of S,. We have, in this case, r = n and [} =
l+n—1=n,lhb=14+n—-2=n—-1, ---,l, = 1. Hence
n! n!

! o N
[1(Hook lengths)  n! dim(U")

Omitting the first column gives a Young diagram for ' = (A —1,--- ;A\, —1). In
thiscase I} =10, — 1, Iy =1, —1,--- I/ =1, — 1. By induction, we have

nrtee-nt o (=0t (= 1)!
Hi<j(lg o l;) Hi<j(li o lj)

H(Hook lengths for \') =

Hence
J [ (hook lengths for A) = [] [ (Hook lengths for \)](l1.Ly - - 1)

V-7
[T, —1)

RS ) RET(s ) PA
RS SRR R

Hence we are done.

Tensor product of Frobenius-Young modules : We will now decompose the
tensor product V) ®c V,,. We have

Proposition 0.0.28. With the notation fixed in the proof of the Frobenius char-
acter formula above, we have

VA ®(C VN ~ Z VVCA;U«IJ’

where

Cow =Y. ﬁwmi)wu(i)%(i),

the sum being over all i = (iy,--- ,i,) with > ji; = n and wy(i) = xa(Ci) and
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Proof. Let & denote the characteristic function of the conjugacy class C; in S,
corresponding to the partition i = (1%, -+ n'). Then

X = ZX(Ci)fi = ZWA(i)fi
and & = (1/2(i)) >, wu(i)x, (prove this). Hence
XaXu = ZW)\(i)Wu(i)fb

the result now follows by substituting the expression for & and using the fact that
character determines a representation.
U

Representations of GL(V), Schur-Weyl duality

We now begin our study of representations of GL(V') x.S,, (note that here dim (V') is
independent of n) in light of what we have learnt for the symmetric group. Let us go
back to the actions of GL(V') and S,, on V®" and use the Young symmetrizers to see
what we get. Let us denote the image of ¢y on V" by Sy (V), i.e. Sy(V) = e, (V®").
The association V' +— S, (V) is functorial.

Exercise : Show explicitly that given a linear map f : V. — W, there is a
natural linear map Sy(f) : Sx(V) — Sx(W) such that Sy(f o g) = S(f) o Sx(g).
In particular, we have a representation of GL(V') into Sy(V).

The functor V' — S\(V) is called the Schur functor corresponding to A and
the representation Sy(V') of GL(V) is called Weyl’s construction or the Weyl
module corresponding to A. We will see a sort of correspondence between repre-
sentations of symmetric groups and representations of the general linear groups,
and under this correspondence, they occur in pairs in the decomposition of V&"
as a GL(V) x S,-representation.

Example : Let A = (n). Then we have seen that Sy(V) = Sym"(V). If A =
(1,---,1) we have Sy(V) = A"(V) and the Schur functors in these examples are
V — Sym™(V) and V +— A\"(V) respectively. Let us look at the partition (2, 1) of
3 again. We have computed the symmetrizer ¢, = 14 (12) — (13) — (132) and seen
that the image of ¢y in V®" is the subspace spanned by all vectors of the form

T1Q@T2QT3+T2QT1 QT3 — T3 T2 QT — T3 QT & To.
We have an embedding of /\Q(V) @V — V& given by

(L1 AN23) R Ty = T QX @ T3 — T3 @ Ty @ 7.
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We identify A*(V) ® V with its image under this embedding in V®*. Then the
image of ¢, is the subspace of /\Q(V) ® V spanned by vectors of the form

(1‘1 A 1‘3) X To + (.TQ /\.Tg) X xq.

Clearly these vectors are in the kernel of the canonical map /\Q(V) QV —

A (V).

Exercise : Show that the kernel is spanned by these vectors, i.e.,

2

Sea(V) =Ker(A(V) @V — A(V)).

Exercise : Show that
3
Ve = symi (V) & A\(V) @ (S (V)™

Now, g € GL(V) defines an endomorphism Sy : S)(V) — Sx(V). We denote the
trace of this endomorphism by xs, v)(g)-

Let z1,-- -,z be the eigenvalues of g on V, where k = dim(V'). Let A = (n).
Then S,y (V) = Sym"™(V).

Exercise : Prove that xs, )(9) = Hu(21,- -+ ,2x), where the quantity on the
right denotes the complete symmetric polynomial of degree n, i.e., the sum
of all monomials of degree n in the variables x;. (Hint: Use the Jordan canonical

form).

When A = (1,---,1), wehave S .. 1)(V) = A"(V) and xs, .. ,,(9) = En(z1, -+, 78),
where the quantity on the right denotes the nth elementry symmetric poly-
nomial in the variables z;, FE,(x1, - ,2) = Zl§i1<~~~<z‘n§k x;, -+, More

generally, we have (this will be proved below)

XS/\(V)(g) - S)\(xla e 7xk)7

where S)(x1,- -, x) is the Schur polynomial given by
det (x?i+k_i)1<i7j<k det (.CE;\Z—HC_Z)
S)\(-Tla"' wrk) = k—i — = 5
det(z;™")1<ij<k A
where A = [[,_;(;—x;) is the discriminant. One can also compute S (1, -, )

by the Jacobi-Trudy identity :

Sx = det(Hy,+j-1),
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where the H; is the complete symmetric polynomial introduced above. If A\, =
-+ = )\, = 0, the above determinant is the same as the determinant of the upper
left p x p corner. In terms of the elementary symmetric polynomials, we have

Sx = det(E,1j-1),

where = (pq,- -+, ) is the conjugate partition of A. We are interested in de-
composing the tensor representation V®" of GL(V) and finding out what repre-
sentations of S,, and GL(V') occur in the decomposition. Towards this we have,

Theorem 0.0.29. 1. Let k = dim(V). Then Sx(V) is zero if Agy1 # 0. If
A= (A, M)y AL > > A > 0 then
ANi—Aj+j—i

i

dim(Sy(V)) = Si(L,---, 1) = ]

1<i,j<k

Let my be the dimension of the irreducible representation Vy of S,, corresponding
to the partition X\ of n. Then

2. VO ~ P, S\(V)®™.

3. For any g € GL(V), xs,w)(9) = Salan, -+ 2x).

4. Fach Sy(V) is an irreducible representation of GL(V).

Corollary 0.0.30. Let c € C[S,] and

C[Sn).c = PV

A

as representations of Sy, then we have a decomposition of GL(V)-spaces

Ve e = PS\(V)F™

A

We will now prepare for the proof of the above theorem. We need a few results
from the theory of semisimple algebras for this. Let G be a finite group and let
U be a right-module over C[G]. Let B = Homg)(U,U). Then B is a C-algebra
and U is a left-B module via the usual evaluation action. Let f € B, g € G.
Then, for any u € U we have, f(v)g = f(v.g), so that the actions of G and B
commute. We can decompose U (as a represenrtation of G) into a direct sum of
representations, isotypical of irreducible type U;, i.e.

Uv=purm.
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By Schur’s Lemma, we have

B = Homgyq)(U}", U") @Mm

Note that, for any left-C[G] module W, the tensor product U ®cig) W is a left
B-module, with B acting on the first factor. We need

Lemma 0.0.31. Let U be a finite dimensional (as a C-vector space) right C|[G]-
module. Then
1. For any c € C|G], the natural map U ®cjq) C|G]c — Uc is an isomorphism of
left B-modules.
2. Let W = C[G]c be an irreducible left C[G|-module. Then U Q¢ W = Uc s
an irreducible left B-module.
3. Let W; = C[G|¢; be the distinct irreducible left C[G]-modules, dimW; = n;.
Then

U~ @(U ®cla) W) ~ @(UCZ-)EBM

1s the decomposition of U into irreducible left B-modules.

Proof. 1. Let A = C[G]. Then A is a semisimple C-algebra and hence the (left)
ideal Ac is a direct summand of A as a left A-module. We have a surjection
U®RaA— U®4yc (induced by A — Ac¢, a ac) and an injection U ® 4 Ac —
U®a A (since Ac is a direct summand of A) of left B-modules, fitting in the
commutative diagram

Ui A -, UR@q4Ac — UR4 A

! ! !
U - Uc — U

In the above diagram, the vertical maps are the maps u ® a — u.a, coming from
the right A-module structure on U. The horizontal maps in the first commutative
square are surjective, as observed before. The ones in the second commutative
diagram are injective and finally, the vertical maps on the outer edges of the
diagram are isomorphisms. Now the commutativity of the diagram forces the
middle vertical map to be an isomorphism (why?).

2. Let us first assume U is an irreducible A-module. Then, B = Hom(U,U) = C.
We will show that dim¢(U ®4 W) < 1. This would settle the assertion. We have
A ~ [Ii_, M,,,(C), for some integers n; and r. Since W is an irreducible (left)
A-module, we can identify W with a simple left ideal of A. Identifying A with the
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product of matrix algebras, we see that W consists of r-tuples of matrices, all of
which are zero except in one factor, and in this factor, we have matrices with all
columns except one zero. Now, U is an irreducible right A-module. Hence, upto
isomorphism, we may identify U with the r-tuples of matrices, all of which are zero
except in one factor, and in this factor, we have matrices with all rows except one
are zero. It is now clear that U ® 4 W = 0 if the positions of the nonzero factors in
U and W are different, and U ® 4 W consists of matrices which are zero except one
column and one row in that factor, if the positions of the nonzero factor in U and
W are same. Hence dim¢(U ®4 W) < 1, in particular U ® 4 W is irreducible. Let
us now settle the general case. We decompose U into a direct sum of irreducible
right A-modules as U = @, U™. Then

U4 W = @(UZ ®aq W)™

We may assume U® 4 W # 0. As observed above, W consists of r-tuple of matrices,
all of which are zero except in one factor, and in this factor, all matrices have all
columns zero except one, in he same fixed position. And each U; consists of r-
tuples of matrices, all of which are zero, except in one factor, and in this factor, all
matrices have all rows zero except one, in the same fixed position. We have seen
that U; ® 4 W is zero unless the factor is the same for U; and W, and U; @ , W = C
when the factor is same. Hence U ®4 W = @,(U; ®4 W)™ = C™* for some k.
Now, B = Homu(U,U) =[], My, (C). Hence U4 W is simple as a left B-module.

3. Since W; = A.¢; are all the distinct irreducible (i.e. simple) left A-modules, we
have A ~ @, W' (recall A = C[G] and W; are the irreducible representations of
(G) and hence we have an isomorphism

7 7

UsUssA=Ucs (@WE) > @PU o W) ~ @PUe)*",

and Ug; are irreducible left B-modules, by 2. O

Proof of theorem : To prove the theorem stated above, we will apply the above
lemma to the right C[S,]-module U = V®". By the lemma, we know the decom-
position of V®" as a B-module, where B = Homgjg, (V®",V®") is the algebra of
all endomorphisms of V®" which commute with all permutations of the factors
of V", Any endomorphism ¢ of V induces the endomorphism ¢ of V®" and
this commutes with the permutations of the factors of V®", as we have discussed
before. We shall identify Endc (V) as a subalgebra of Ende(V®") via ¢ — ¢®".
Hence B contains these induced endomorphisms of V®". More precisely,
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Lemma 0.0.32. B = Homcg(V®",V®") is spanned, as a vector subspace of
Endc(V®") by Endc(V). A subspace of V®" is a B-submodule if and only if it is
invariant under GL(V).

Exercise : For a finite dimensional vector space V', show that
Endc(V®") = Ende(V)®",

as representations of .S,,.

Exercise : Let W be a finite dimensional vector space. Prove that Sym" (W) is
the subspace of W®" spanned by the vectors w" = w ® - - - ® w, as w runs through
all vectors in W.

Proof. Since the C[G]-linear endomorphisms of V®" are precisely those endo-
morphisms of V®" which commute with all the permutations of the factors, we
see that B = Sym"(Endc(V')). Hence, by the above exercise, as a subspace of
Endc(V®"), B is spanned by Endc(V). For the second assertion, we note that a
subspace S of V®" is a B-submodule if and only if S is invariant under the action
of B. But B is spanned by End¢(V). Hence S is a B-submodule if and only if S
is invariant under End¢ (V). Now, GL(V) is a dense subspace of End¢ (V') in the
usual topology and the actions are continuous (why?), hence S is a B-submodule
if and only if S is invariant under GL(V'). O

Now we are in a position to prove the theorem. Fisrt observe that Sx(V) = Ucy
for U = V®". With this, the proofs of the assertions 2 and 4 are immediate from
the above two lemmas.

3. From the first lemma (the first assertion) above, we have an isomorphism of
GL(V)-modules,
SA(V) ~ " ®a Vi,

recall that V), = A.c,. Similarly, for Uy = A.a) we have
ax(V") = Sym™ (V) ® - - - @ Sym™ (V) ~ V" @4 U,.

By Young’s rule, we have an isomorphism of A-modules U, =~ @u K,,\V,, and hence
an isomorphism of GL(V')-modules

Sym)\l (v) R ® Sym)‘k (V) ~ @ KHASM(V)a
I

using the above with the isomorphism S,(V) =~ V®" ®4 V,,. The coefficients K,
are called Kostka numbers and can be also defined as K\ = [S,], . 5,), the
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Ar

coefficient of 27" - - - )

I

in the Schur polynomial S, corresponding to the partition

Now, for g € GL(V), the trace of g as an endomorphism of the left hand side of
the above equation (using an exercise in the text) is Hy(x1,- -« ,xx), the product
of the complete symmetric polynomials Hy, (xy, - ,zg). Let us denote by S\(g)
the endomorphism of §,(V') induced by an endomorphism g of V. Therefore, we
have,

Hy(xy,- -, x Z i Trace(S,(g)).

On the other hand, one has

Lemma 0.0.33. H, = Zu K,\S,, where S, are the Schur polynomials defined
above.

Also, K, are all non-negative with Ky, = 1 and K,y = 0 if A > p. Hence

the matrix (K,)) is a triangular matrix with 1’s on the diagonal, in particular, is
invertible. Therefore, Trace(S\(g)) = Sx(x1,- -+, xx) as asserted.
1. If A = (A,---,A) with r > k and Ay # 0, then, as computed above,
the trace of Sx(¢g) is Sx(x1, -+ ,2,0,---,0). Using the formula for Sy in terms
of the elementary symmetric polynomials, it follows that this is zero. In this
case, evaluating this for g = 1, we see that Sy(V) = 0 (the trace of identity
endomorpshism is zero on a complex vector space, then the space must be zero!).
We have finally, by 3,

—1
i<j J

This completes the proof of the theorem.

Proof of the corollary : Let ¢ € A = C[S,] and Ac = @, V¥ as representa-
tions of S,. By the lemma above, a subspace of V" is a left B = End4(V®")-
module if and only if it is a left GL(V)-module. Hence, we have, by the first lemma
(first assertion), an isomorphism of left GL(V')-modules

Ve VE @4 Ac @(V®n @4 V3 ~ @(V®n ®4 Acy)®?
A y

~ 69(\/@71.6)\)@A = @ (VP = @S,\ 178
A A

This completes the proof.
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Proof of Theorem 0.0.14 : We wish to prove that the permutation characters
¢\ of S,, corresponding to the Young subgroups Y,, form a basis of the space
of characters of S,,. To this, we observe the relation ¢, = > K,xx,. We have
noted in the proof of the theorem above that the matrix (K,)) is an invertible
matrix of coefficients. Hence we can express the x,’s in terms of the ()’s. Since
the characters ()’s are as many in number as there are partitions of n, it follows
that they form a basis for the space of characters of .S,,. This finishes the proof of
Theorem 0.0.14.

Tensor product of Weyl modules : Let V' be a vector space and let A be a
partition of m and p be a partition of . We can then construct the Weyl modules
S\(V) and S,(V), corresponding to the symmetric groups S,, and S, respectively.
It is natural to ask how Sy ® S, decomposes as a representation of S,, x S,,. We
have,

Proposition 0.0.34. $,®S, ~ @, S, (V) where the sum is over all partitions
v of n+m and Ny, are multiplicities of the corresponding representations.

Proof. We have
S\V)@S,(V) =V, @V, =V Ve (cx®c,) =V e,
where
c=c\®c, € C[S,] ®@C[S,] = C[S, x Sp] C C[Spim]-

This sets us up to apply the above corollary to this situation. Hence, we have the
decomposition of GL(V')-module

S\(V)®S.(V) = P S, (V)2

corresponding to the decomposition

C[Sy % Slc = P VE™

of C[S,, x S,,]-module, where the sum is over all partitions v of n + m. O

It remains to compute the multiplicities N),,. To determine these, we must
know the decomposition of the character of the tensor product of Weyl modules.
This is the tensor product of the characters of the factors. By the theorem above,
the characters of the factors are given by the Schur polynomials. Hence, to compute
the multiplicities N, of the Weyl modules S,, we must write the product S\,
of Schur polynomials as a linear combination of Schur polynomials,

S)\.SM - Z NA;LVSV‘
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The Schur-Weyl Duality

We will now take steps towards a decomposition of V®" as a representation of
GL(V') x S,,. This will spell out exactly which irreducible representations of GL(V')
occur and which irreducibles of S,, occur in the representation on V®". For this,
we need a few more results from the theory of semisimple algebras.

Lemma 0.0.35. Let R be a C-algebra and M a semisimple R-module. Then the
evaluation map

¢: P Homp(S. M) @c S — M, Y (f@s)— > f(s)

is an isomorphism of R-modules and of Endgr(M)-modules. Here S runs over a
complete set of non-isomorphic simpe R-modules and on S @c Hompg (S, M) we use
the action of B on S and of Endg(M) on Hompg(S, M), given by g.f = go f for
g € Endg(M), f € Home(S,M).

Proof. 1t is a simple checking that ¢ is a R-Endg(M) module map. To prove ¢
is an isomorphism, We may assume, without loss of generality (why?) that M is
simple. The proof now is immediate from Schur’s lemma. O

Lemma 0.0.36. Let R be a C-algebra and M a finite dimensional semisimple
R-module. Then there is an isomorphism of R-algebras

Endp(M) = | [ Ende(Homp(S, M),
S

where S runs over a complete set of non-isomorphic simple R-modules.

Proof. Note that there is a natural action of the R-algebra A = [ [ Endc(Hompg(S, M))
on the R-module @4 S ®c Hompg(S, M) and this action commutes with the action
of R. Hence there is a homomorphism A — Endg(M) of R-algebras, which is
injective (check this). To prove our assertion, we just have to count dimensions
of both these algebras. By the lemma above, M is isomorphic to a direct sum of
dimcHompg(.S, M) many copies of each simple module S. Hence applying Schur’s

lemma gives,
dimcEndp(M) =) (dimcHomp(S, M))?,
S

which can be seen to be the dimension of A. O
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Lemma 0.0.37. Let R be a semisimple C-algebra and M be a finite dimensional
R-module. The natural map

¢ : R — Endgna,any (M), 7— (v +—ro)
18 surjective.

Proof. Let us compute the kernel of ¢. We have r € ker(¢) if and only if rz = 0 for
all x € M. Hence I = ker(¢) is the annihilator of M. Since R is semisimple, R/
is also semisimple and M is an R/I module with Endg(M) = Endg/;(M). Hence,
by replacing R by R/I, we may assume that M is faithful and ¢ is injective.
By the lemma above, Endg(M) ~ [[4 Endc(Hompg(S, M)). Since M is faithful,
Hompg(S, M) # 0 for all S. By Schur’s lemma, these must be precisely the simple
Endg(M)-modules. By an earlier lemma, M is isomorphic to @ ¢ Hompg(S, M) ®c¢
S, hence M is isomorphic to the direct sum of dim(S) many copies of the simple
module Hompg(S, M) for each S. Hence

dimcEndpag () (M) = > (dime(S5))?,
S

which is the dimension of R, since S runs over all non-isomorphic simple R-
modules. Hence ¢ is an isomorphism. O

Lemma 0.0.38. Let R be a C-algebra and ¢ € R be such that ¢ = ac for some
nonzero scalar o € C. For any R-module M we have an isomorphism

Hompg(Re, M) ~ cM
of Endg(M)-modules.

Proof. First we note that c¢M is an Endg(M)-submodule of M. This is because,
for f € Endr(M) and cz € cM, f(cx) = cf(x) € cM. Without loss of generality,
we may assume c is an idempotent (why?). Consider the Endg(M)-linear map 1 :
Hompg(Re, M) — c¢M, f — f(c). This has the map cM — Hompg(Rc, M), x+—
(r +— rx) as the inverse, which is also Endg(M)-linear. We leave the details to the
reader. O

The following result is the heart of this course, it connects the representation
theory of the symmetric group with that of the general linear group and is ab-
solutely fundamental in understanding representations of the general linear group
and the special linear group.
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Theorem 0.0.39. (Schur-Weyl duality) The images of C[S,] and C[GL(V)] in
Endc(V®") are centralisers of each other.

Proof. To prove that the image of C[GL(V)] in Endc(V®") is the centraliser of
the image of C[S,], recall that Endcs,;(V®") is spanned by the tensors f®", f €
GL(V), after identifying Endc(V®") with Endc(V)®". Also Endgs, (V®") is a
semisimple C-algebra (follows from Maschke’s theorem). We have shown that (see
lemma above) C[S,] maps onto End,(V®"), where A = Endgs,)(V®"). Now, the
image of GL(V') spans A (see 7). Hence, it follows that End 4(V®") = Endciaroy (V).
Therefore C[S,] maps onto Endcigrv) (V®"). Hence the image of C[S,,] in End¢(V®")
is the centraliser of the image of C[GL(V)]. O

Decomposition of tensors : We finally, using the results derived in the course,
will analyse the tensor representation V®" of GL(V) x S,, and decompose it into
irreducibles for this group. We record a result, which follows from Theorem 0.0.39
and Lemma 0.0.38.

Lemma 0.0.40. The subalgebra of Endc(V®") of endomorphisms commuting with
the image of C[S,] is Endcs,j(VE"). Furthermore, cx(V®") ~ Homgs,(C[Sp]er, VE").

We now prove

Theorem 0.0.41. There is a canonical decomposition

V®n ~ @S)\(V) ®(C V)\
A

of GL(V)-S,, modules, where the notations are as before.

Proof. Considering V®" as a C[S,,]-module, we have, by Lemma 0.0.35,

Vel = @ Homgs, ) (C[Sh]ex, VE") ®c C[S, e
A

By Lemma 0.0.40 we have therefore,

Ve ~ P S\(V) ®c V.
A

This decomposition is compatible with the actions of GL(V') and S, and is therefore
a decomposition of GL(V') x S,-modules. O
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Remarks : Noe that, in the theorem above, the sum is over partitions A of n
with at most dim(V') parts (explain why). The multiplicity of Vy in V&" equals
dim(8\(V')) and the mupltiplicity of S\(V) is dim(V}).

For the proof of the Schur-Weyl duality, we have used the so called Double
centraliser theorem implicitly. This theorem is of central importance in repre-
sentation theory. We end this course with proving this theorem. Let V be a finite

dimensional vector space. For any subset S C End(V'), define the commutant or
centraliser of S in End(V') by

Comm(S) = {x € End(V)|zs = sz for all z € S}.

Then Comm(S) is a subalgebra of End(V')containing Iy, the identity automor-
phism of V. Let A be a semisimple subalgebra of End(V') with Iy € A. Let
B = Comm(A). Then A ® B is an algebra with the product induced by

(a®b)(ad @V) =ad @ bb,

A is isomorphic to the subalgebra A ® Iy, and B to the subalgebra Iy ® B. We
have seen a decomposition
V~PvieU,
i=1
where V; run over all the irreducible A-modules, V; % V; when ¢ # j and U; =
Hom4(V;, V). We have then A ~ @;_, End(V;). Hence, respecting the above
decomposition of V', we have

A~ Hom (A, A) ~ P End(V;) ® I,.
=1

We have

Theorem 0.0.42. (Double Centraliser Theorem) Let V' be a finite dimen-
sional vector space and A C End(V') a semisimple subalgebra. Then B = Comm/(.A)
is semisimple and Comm(B) = A. Moreover, relative to the decomposition of V
as above, we have
B~ Iy, ® End(U;).
i=1

Proof. Let us prove the assertion about B first. We continue to have the decom-
position of V as V ~ @;_, Vi ® U;. Then it is straight forward that

i=1
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Let m; : V — V; ® U; be the projections corresponding to the decomposition of
V. Then 7; € A by the decomposition of A as above. For T' € B we have (using
the definition of B as the commutant of A),

T =Tr, T =D Tveu,

i=1

Therefore, we would be done if we proved the assertion about B for r = 1. This
would be settled in the lemma below. Now, using the assertion on B, it is clear that
B is semisimple. Now, applying the theorem to B, we see that A = Comm(B). O

Lemma 0.0.43. Let V and U be finite dimensional vector spaces and T € End(V ®
U) be such that
TX®ly)=(X&Iy)T

for all X € End(V'). Then there exists Y € End(U) such that T =1y @Y .

Proof. Let U* be the dual of U. For f € U*, define a linear map By : VU — V
by
Bi(v®u)= f(u)v, ue U, veV.

Given u € U, define a linear map 4, : V — V@ U by A,(v) = v @ u. Let
Stu=BfoT oA, Then Sy, € End(V) and satisfies

StuXv =BT (Xv®@u)=B(XIy)T'(veu)=XBfT(Aw) = XSs,v

for all X € End(V). We can now apply Schur’s lemma to this situation to find
c(f,u) € C such that S, = c(f,u)ly. Now note that ¢(, ) : U* x U —
C is bilinear and nondegenerate. Hence we have an induced isomorphism U ~
U™, ur c(,u). But U™ ~ U, hence we have Y € End(V') such that ¢(f,u) =
f(Yu) for all w € U, f € U*. Spelling out everything we have, B;T(v ® u) =
f(Yu)v = Bf(v®Yu), forall f € U*. Hence T'(v®u) = v@Yuforallu e U, veV,
showing thereby T'= Iy, ® Y.

U
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