Notes on the Vershik-Okounkov approach to the
representation theory of the symmetric groups

1 Introduction

These notes! contain an expository account of the beautiful new ap-
proach to the complex finite dimensional irreducible representations
of the symmetric group, developed by Anatoly Vershik and Andrei
Okounkov [4].

The main task of any representation theory of the symmetric
groups is to explain the appearence of Young diagrams and Young
tableaux in the theory in a natural way. The traditional approach
(see [1, 2, 3]) is indirect and rests upon nontrivial auxiliary con-
structions. The presence of Young tableaux in the theory is justified
only in the end, after the proof of the branching rule. The main
steps of the Vershik-Okounkov approach are as follows:

(i) A direct elementary argument shows that branching from S, to
Sn_1 is simple, i.e., multiplicity free.

(ii) Consider an irreducible S,-module V. Since the branching
is simple the decomposition of V' into irreducible S,,_;-modules is
canonical. Each of these modules, in turn, decompose canonically
into irreducible S, _s-modules. Iterating this construction we get
a canonical decomposition of V' into irreducible S;-modules, i.e.,
one dimensional subspaces. Thus there is a canonical basis of V,
determined upto scalars, and called the the Gelfand-Tsetlin basis
(GZ-basis).
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(ili) Let Z,, denote the center of CS,,. The Gelfand-Tsetlin algebra
(GZ-algebra), denoted GZ,,, is defined to be the (commutative) sub-
algebra of CS5,, generated by Z;UZ,U---UZ,. It is shown that GZ,
consists of all elements in CS,, that act diagonally in the GZ-basis
in every irreducible representation. Thus G Z,, is a maximal com-
mutative subalgebra of CS,, and its dimension is equal to the sum
of dimensions of the distinct inequivalent irreducible S,,-modules. It
follows that any vector in the GZ-basis (in any irreducible represen-
tation) is uniquely determined by the eigenvalues of the elements of
the GZ-algebra on this vector.

(iv) For i = 1,2,...,n define X; = (1,7) + (2,7) +--- + (i — 1,4) €
CS,,. The X;’s are called the Young-Jucys-Murphy elements (Y JM-
elements) and it is shown that they generate the GZ-algebra. To
a GZ-vector v (i.e., an element of the GZ-basis in some irreducible
representation) we associate the tuple a(v) = (ay, ag, . .., a,), where
a; = eigenvalue of X; on v and we let

Spec (n) = {a(v) : vis a GZ-vector}.

It follows from step (iii) that, for GZ-vectors u and v, u = v iff
a(u) = a(v) and thus #Spec (n) is equal to the sum of the di-
mensions of the distinct irreducible inequivalent representations of
Sh.

(v) In the final step we construct a bijection between Spec (n)
and Tab (n) (= set of all standard Young tableaux on the letters
{1,2,...,n}) such that tuples in Spec (n) whose GZ-vectors be-
long to the same irreducible representation go to standard Young
tableaux of the same shape. This step is carried out inductively
using an elementary analysis of the commutation relation

si=1, X;iXi1=Xin X, X+ 1= Xis;
where s; = the Coxeter generator (i,7 + 1).

For more detailed explanations about the underlying philosophy
of this method as well as many remarks on extensions and analogies
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with Lie theory, see the original papers [4, 5]. Our exposition closely
follows [4] (we have added a few details here and there). In these
notes we have restricted ourselves to only the most basic result,
namely that the branching graph of the chain of symmetric groups
is the Young graph. For the further development of the theory, see
[4, 5].

Notation

A partition is a finite sequence p = (1, pia, .. ., pir) of weakly
decreasing positive integers. We say that p has r parts and that p
is a partiton of n = py + -+ + p,.. Let P(n) denote the set of all
partitions of n and let P;(n) denote the set of all pairs (u, ), where
1 is a partition of n and 7 is a part in p. A part is nontrivial if it is
> 2 and we let #pu denote the sum of the nontrivial parts of . The
number of all partitions of n is denoted p(n).

Conjugacy classes in S, are parametrized by partitions of n.
Given a partition u € P(n), let ¢, € CS, denote the sum of all
partitions in S,, with cycle type p. It is well known that {c, : p €
P(n)} is a basis of the center of CS,,.

For a permutation s € \S,, we denote by ¢(s) the number of inver-
sions in s. It is well known that the s can be written as a product of
((s) Coxeter transpositions s; = (i,i+1), i = 1,2,...,n—1 and that
s cannot be written as a product of fewer Coxeter transpositions.

All our algebras are finite dimensional, over C, and have units.
Subalgebras contain the unit, and algebra homomorphisms preserve
units. Given elements or subalgebras A;, As,..., A, of an algebra
A we denote by (Aj, As, ..., A,) the subalgebra of A generated by
AfUAU---UA,.



2 Gelfand-Tsetlin bases and Gelfand-Tsetlin al-
gebras

In this section we shall introduce Gelfand-Tsetlin bases (GZ
bases) and Gelfand-Tsetlin algebras (GZ algebras) for an inductive
chain of finite groups with simple branching.

Let
{1}=G1C G, C---CG,C--- (1)

be an inductive chain of finite groups. Denote by G the set of
equivalence classes of finite dimensional complex irreducible repre-
sentations of G,. Denote by V* the irreducible G,, module corre-
sponding to A € G7. Define the following directed graph, called the
branching multigraph or Bratelli diagram of this chain: its vertices
are the elements of the set

HG,’; (disjoint union)

n>1

and two vertices u, A are joined by k directed edges from p to A
whenever p € G, and A € G/ for some n, and the multiplicity of
i in the restriction of A to G, is k. We call G the nth level of

the branching multigraph. We write p A if there is an edge from
1 to A

For the rest of this section assume that the branching multi-
graph defined above is actually a graph, i.e., the multiplicities of all
restrictions are 0 or 1. We say that the branching or multiplicities
are simple.

Consider the G,,-module V*, where A € G. Since the branching
is simple, the decomposition

V=P,
w
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where the sum is over all p € G/, with g A, is canonical.
[terating this decomposition we obtain a canonical decomposition
of V* into irreducible Gy-modules, i.e., one-dimensional subspaces,

VA = @T Vr, (2)
where the sum is over all possible chains
T = M/ X/, (3)

with \; € G and A, = A. By choosing a nonzero vector vy in
each one-dimensional space V7 above, we obtain a basis {vr} of V?,
called the Gelfand-Tsetlin basis (GZ-basis). From here till the end
of Section 6 we consider the GZ-basis as fixed. In Section 7 we shall
discuss an appropriate choice of these nonzero vectors (in the case
of symmetric groups) so that all irreducibles are realized over Q. By
the definition of vy, we have

ClGy)-vp = VY, i=1,2,...,n.

Also note that chains in (3) are in bijection with directed paths in
the branching graph from the unique element A; of G} to A.

We have identified a canonical basis (upto scalars), namely the
(GZ-basis, in each irreducible representation of GG,,. A natural ques-
tion at this point is to identify those elements of C[G,] that act di-
agonally in this basis (in every irreducible representation). In other
words, consider the algebra isomorphism

ClG.] = @D End(V?), (4)
AEGH
given by
g— (V* L VA Xe@), ged,.
Let D(V?) consists of all operators on V* diagonal in the GZ-

basis of V*. Our question can now be stated as: what is the im-
age under the isomorphism (4) of the subalgebra @, . D(V?) of

@/\eGQ End(V?).



Let Z, denote the center of the algebra C|G,| and set GZ,, =
(Z1, Zo, ..., Zyp). 1t is easy to see that GZ,, is commutative subalge-
bra of CS,,. We call GZ,, the Gelfand-Tsetlin algebra (GZ-algebra)
of the inductive family of group algebras.

Theorem 2.1. GZ, is the image of P,can D(V*) under the iso-
morphism (4) above, i.e., GZ, consists of all elements of C[|G,] that
act diagonally in the GZ-basis in every irreducible representation of
G,. Thus GZ, is a mazimal commutative subalgebra of C|G,] and

its dimension s equal to Z dim A.
AEGA

Proof Consider the chain 7' from (3) above. For i = 1,2,...,n,
let p), € Z; denote the central idempotent corresponding to the
representation \; € GJ*. Define pr € GZ,, by

PT = DP\iPxy* " Py

A little reflection shows that the image of p; under the isomorphism
(4)is (f, = p € G)), where f, = 0,if u # X and f is the projection
on Vr (with respect to the decomposition (2) of V.

It follows that the image of GZ,, under (4) includes @, . D(V?),

which is a maximal commutative subalgebra of @, g, End(V?).
Since GGZ,, is commutative, the result follows. O.

By a GZ-vector of G, (determined upto scalars) we mean a vec-
tor in the GZ-basis of some irreducible representation of GG,,. As an
immediate consequence of the theorem above we get the following
result.

Corollary 2.2. (i) Letv € VX, X € GX. If v is an eigenvector (for
the action ) of every element of GZ,, then (a scalar multiple of ) v
belongs to the GZ-basis of V.

(i) Let v, u be two GZ-vectors. If v and u have the same eigenvalues
for every element of GZ,,, then v = u.
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We shall find an explicit set of generators for the GZ-algebras of
the symmetric groups in Section 4.

3 Simplicity of branching for symmetric groups

In this section we give a criterion for simple branching and use
the theory of involutive algebras to verify this criterion in the case
of symmetric groups.

Theorem 3.1. Let M be a finite dimensional semisimple C-algebra
and let N be a semisimple subalgebra. Let Z(M, N) denote the cen-
tralizer of this pair consisting of all elements of M that commute
with N. Then Z (M, N) is semisimple and the following conditions
are equivalent:

1. The restriction of any finite dimensional complex irreducible rep-
resentation of M to N is multiplicity free.

2. The centralizer Z(M, N) is commutative.

Proof By Wedderburn’s theorem we may assume, without loss of
generality, that M = M; & --- & My, where each M; is a matrix
algebra. We write elements of M as (mq,...,my), where m; €
M;. For i = 1,... k, let N; denote the image of N under the
natural projection of M onto M;. Being the homomorphic image of
a semisimple algebra, N; itself is semisimple.

We have Z(M,N) = Z(My, N,)@- - -®Z(My, Ni). By the double
centralizer theorem each Z(M;, N;), and thus Z(M, N), is semisim-
ple.

For i = 1,...,k, let V; denote the set of all (mq,...,my) €
M with m; = 0 for j # ¢ and with all entries of m; not in the
first column equal to zero. Note that Vi, ...,V are all the distinct
inequivalent irreducible M-modules and that the decomposition of
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V; into irreducible N-modules is identical to the decomposition of V;
into irreducible N;-modules.

It now follows from the double centralizer theorem that V; is
multiplicity free as a N;-module, for all 7 iff all irreducile modules of
Z(M;, N;) have dimension 1, for all ¢ iff Z(M;, N;) is abelian, for all
i iff Z(M, N) is abelian.O

We shall now give an elegant proof that the restriction of an
irreducible representation of S,, to S,_; is multiplicity free. The
proof exploits the additional structure of an involution that certain
algebras possess (like g — ¢g~! in groups and A — A* in matrices).

Recall the notion of an involutive algebra. Let F' denote the real
field or the complex field. If ' = C and o € C, then & denotes the
complex conjugate of a, and if F' =R and o € R, then a = .

An involutive algebra over F' is an algebra A (over F') together
with a conjugate linear anti-automorphism of order 2, i.e., a bijective
mapping z — x* such that

*

(x4+y) =z"+y", (ax) = az”, (zy)" = y*z", (%) =z,
for all x,y € A, and a € F. We call 2* the adjoint of x.

An element x € A is said to be normal if x2* = 2*z and is said
to be hermitian or self-adjoint if x = x*.

Given an involutive algebra A over R, we define an involutive
algebra over C, called the x-complexification of A as follows: The
elements of the complexification are ordered pairs (z,y) € A x A.
We write (z,y) as x + iy. The algebra operations are the natural
ones. For a+i0 € C, x,x1,72,y,y1,y2 € A we have

(1‘1 -+ zyl) -+ (.TQ -+ Zyg) = (1’1 —+ .TQ) -+ z(yl -+ y2)
(w1 +ayn) (w2 +1iy2) = (2122 — Y1y2) + i(@1y2 + Y172)
(a+1B)(z+1y) = (az—By)+ilay+ Bx)

* .k

(x+iy)" = 2" —iy



By a real element of the complexification we mean an element of the
form x = x + 40, for some x € A. Note that the adjoint of a real
element in the complexification is the same as its adjoint in A.

Example Let F' be R or C and let GG be a finite group. Then the
group algebra F[G] is an involutive algebra under the involution
(>, aigi)* = >, qig; ' Tt can also be easily checked that C[G] is
the sx-complexification of R[G].

Theorem 3.2. Let A be a complex involutive algebra.

(i) An element x € A is normal if and only if v =y + iz, for some
self-adjoint y, z € A that commute.

(ii) A is commutative if and only if every element of A is normal.

(ii) If A is the *-complexification of a real involutive algebra, then
A is commutative if every real element of A is self-adjoint.

Proof (i) (if) za* = (y + i2)(y* — iz") = yy* + izy* —iyz* + 22" =
y?+2%, where in the last step we use the fact that y, z are commuting
self-adjoints. Similarly we can show x*z = y* + 2%

(only if) Write 2 = y + iz, where y = 1(x +2*) and z = 5 (x — z*).
It is easily checked that y and z are self-adjoint. Now
1 1
yr= g~ bt (1)) = 0 (@),

where in the last step we use the normality of z. Similarly, zy =
1 2 *\2
7 (@* = (27)%).
(ii) (only if) This is clear.
(if) Let y, z € A be two self-adjoint elements. Then

(y+iz)(y* —iz") = y*+ 2" +i(zy —y2)

(y" —i2")(y +iz) = y*+ 2" +i(yz — zy)

Since y + iz is normal (by hypothesis) we have zy = yz. So any two
self-adjoint elements of A commute.
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Let x1,29 € A. Since x1, x5 are normal we can write 1 = y; +
iz1 and xo = Yo + 129, where yq, s, 21, 22 are self-adjoint (and all
commute with each other, by the paragraph above). We now have

1170 = (Y12 — 2122) + i(2102 + Y122) = o1

(iii) Let y, z be real elements of A. Then yz is also real and yz =
(yz)" = z"y* = zy, so y and z commute. Let z = y + iz € A,
where y and z are real. By part (i)  is normal and by part (ii) A
1s commutative. O

Theorem 3.3. The centralizer Z[C[S,], C[S,_1]] of the subalgebra
C[Sn-1] in C[S,] is commutative.

Proof The involutive subalgebra Z[C[S,], C[S,,—1]] of C[S,] is the
s-complexification of Z[R[S,], R[S, _1]] (why?). It therefore suffices
to show that every element of Z[R[S,], R[S,_1]] is self-adjoint.

Let
f= Zaﬁw, ar € R,
ﬂ'GSn

be an element of Z[R[S,], R[S,_1]].

Fix a permutation o € S,,. Now o and o~ ! have the same cycle
structure and are thus conjugate. There is a well known procedure
to produce a permutation in S,, conjugating o to o~!. Namely, first
write down in a straight line the permutation o in cycle form. Below
this line write down o~! in cycle form, the only requirement being
that the lengths of the corresponding cycles match. The permuta-
tion in 5, taking an element of the top row to the corresponding
element of the bottom row conjugates o to o~!. It is clear that we
can so write down the two permutations that the letter n matches
with itself. Thus we can choose 7 € S,,_; such that o=! = 70771,

Since 7 € S,,_1 we have 7f = fr or

f=r1frt= Z o (T h).

7T€Sn
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It follows that a, = a,-1. Since o was an arbitrary element in S,
it follows that f*= f. O

We denote the centralizer Z[C[S,], C[S,-1]] by Z(,—1,1). In the
next section we shall provide another proof that Z,_; ) is commu-
tative.

4  Young-Jucys-Murphy elements

From this section onwards we consider only the symmetric groups
and we put G,, = S,,. Thus chains in the branching graph (as in Sec-
tion 2) will refer to chains in the branching graph of the symmetric
groups.

For i« = 2, ..., n define the following elements of CS,,:

Y; = Sum of all i-cycles in S, _1.

Y/ = Sum of all i-cycles in S,, containing n.

Note that Y,, = 0.

For (u,i) € Pi(n) define ¢(,; € CS, to be the sum of all per-
mutations 7 in .5, satisfying

e type (m) = p.
e size of the cycle of 7 containing n = 1.

Observe that each of Y5,...,Y, 1, Y5, ... Y] is equal to ¢, for
suitable y and 1.

Lemma 4.1. (i) {c(.q | (1,1) € Pi(n)} is a basis of Zp—11y. It
follows that (Ya, ..., Y, 1, Y5, ..., Y)) C Z11).

(1) cuiy € (Yo, ..., Y3, Yy, ... Y)), where k = #p.
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(ZZZ) Z(nfl,l) = <1/2, e 7Yn717 1/2/, ey Yri>
(ZU) Zn—l = <}/2, ey Yn—1>‘

Proof (i) The first statement is left as an exercise for the reader
(it is similar to the proof that {c, | p € P(n)} is a basis of Z,).
The second statement then follows from the observation made just
before the statement of the lemma.

(ii) By induction on #pu. If #u = 0, then ¢, is the identity
permutation and the result is clearly true. Assume the result when-
ever #p < k. Consider (p,7) € Pi(n) with #p = k + 1. Let the
nontrivial parts of p be py, ..., (here we are not assuming that
p1 > g > -+ > ). Consider the following two subcases:

(a) i = 1: Consider the product Y, Y, ---Y},. Then we have, using
part (i) (why?),

VY, Yy = a@uycun + Z A(r,1) (1))
(m,1)

where (1) # 0 and the sum is over all (7,1) with #7 < #pu. The
result follows by induction.

(b) @ > 1: Without loss of generality we may assume that i = p;.
Consider the product Y Y, ---Y,,. Then we have, using part (i)
(why?),

YoV Vi = i + D i) Ciri)s
(74)

where o, ;) # 0 and the sum is over all (7, j) with #7 < #pu. The
result follows by induction.

(iii) This follows from parts (i) and (ii).

(iv) This is similar to the proof of part (iii). O
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For i = 1,...,n define the following elements of CS,,:

X, = (Lii)+(2,0)+---+ (1 —1,9)
= Sum of all 2-cycles in S; — Sum of all 2-cycles in S;_;.

Note that X; = 0. Also note that X; € Z;. In fact, X; is the
difference of an element in Z; and an element in Z,_;, so X; €
GZ; € GZ,. These elements have remarkable properties and are
called the Young-Jucys-Murphy (YJM) elements.

Theorem 4.2. (i) Zp,_11) = (Zn-1, Xy).
(1)) GZ, = (X1, X2, ..., Xn).
Proof (i) Clearly Z,_11) 2 (Z,-1,X,) (note that X,, = Y7). To

show the converse it is enough to show that Y5, ..., Y, € (Z,_1, X,,).
Since Y, = X,, we have Y € (Z,_1, X,,).

Assume that Y5, ..., Y/, € (Z,-1, X,). We shall now show that
Y o € (Zno1,Xy). We write Y/ | as

Z (ilw“aik?n)?

where the sum is over all distinct iy,...,4 € {1,2,...,n —1}. In
the following we use this summation convention implicitly.

Now consider the product Y] X, € (Z,-1, X,,):

{ > (il,...,ik,n)} {i(zn)} (5)

1550k 1=1

Take a typical element (i1, ..., i, n)(2,n) of this product. If ¢ # i;,
for j =1,...,k this product is (4,41, ..., i, n). On the other hand if

i = 1i;, for some 1 < j < k, this product becomes (i1, . ..,%;)(ij41,...,n).

It follows that the element (5) above is equal to

> (z‘,zl,...,zk,n)fz Z(z‘l,...,zj)(zj+1,...,zk,n), (6)

L1,k
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where the first sum is over all distinct 4,4y, ..., € {1,2,...,n—1}
and the second sum is over all distinct 7q,...,4; € {1,2,...,n— 1}.
We can rewrite (6) as

Vi + > 0ui) Cluiy
(#,7)

where the sum is over all (p,i) with #u < k + 1. By induc-
tion hypothesis and part (ii) of Lemma 4.1 it follows that Y/, , €
<Zn71aXn>'

(ii) The proof is by induction (the cases n = 1,2 being clear). Assume
we have proved that GZ, 1 = (X1, Xs,..., X,,1). It remains to
show that GZ,, = (GZ,_1, X,,). The lhs clearly contains the rhs so
it suffices to check that the lhs is contained in the rhs. For this it
suffices to check that Z,, C (GZ,_1, X,,). This follows from part (i)
since Z,, € Z(p—1,1). O

Note that Theorem 5(i) implies that Z(,_1 1) is commutative.

The GZ-basis in the case of symmetric groups is also called the
Young basis, since it was first considered by A.Young (though not
as a global basis as here). By Corollary 2.2(i) the Young (or GZ)
vectors are common eigenvectors for GZ,,. Let v be a Young vector
(for S,,). Define

av) = (al,...,a,) € C",

where a; = eigenvalue of X; on v. We call a(v) the weight of v (note
that a; = 0 since X; = 0). Set

Spec (n) = {a(v) : vis a Young vector} .
It follows from Corollary 2.2(ii) that

dim GZ, = #Spec (n) = > dim \.

AESA
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By definition of Young vectors, the set Spec (n) is in natural bijec-
tion with chains 7" as in (3). Given a € Spec (n) we denote by v,
the Young vector with weight v and by T, the corresponding chain
in the branching graph. Similarly, given a chain T as in (3) we de-
note the correponding weight vector a(vr) by «(T). Thus we have
1-1 correspondences

T—oT), a—T,
between chains (3) and Spec (n).
There is a natural equivalence relation ~ on Spec (n): for a, 5 €
Spec (n),
a~ [ & v, and vg belong to the same irreducible S,-module

& T, and Tj end in the same vertex.

Clearly we have #(Spec (n)/ ~) = #S).

5% Action of Coxeter generators on the Young
basis and the algebra H(2)

The Young vectors are a simultaneous eigenbasis for the GZ-
algebra. Let us now consider the action of the full algebra CS,
on the Young basis. The action of the Coxeter generators s; =
(1,i+1), i=1,...,n— 1 on the Young basis is "local” in the sense
of the following lemma.

Lemma 5.1. Let T be a chain
M XS Ay A €S (7)

and let 1 < i <n-—1. Then s;-vr is a linear combination of vectors
vpr, where T" runs over chains of the form

Ny SNy S S A €S (8)
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such that N, = A\, for k # i. Moreover, the coefficients of this linear
combination depend only on A\;_1, \;, \i+1 and the choice of the scalar
factors for the vectors in the Young basis. That is, the action of s;
affects only the ith level and depends only on levelst— 1,1, and i+ 1
of the branching graph.

Proof Clearly, for j > i+ 1, we have s;-vp € VM. For j <i—1, the
action of s; on Vi1 ig Sj-linear (since s; commutes with all elements
of S;). Thus s, -vr belongs to the V*-isotypical component of Vi1,
This proves the first part of the lemma. The moreover part is left
as an exercise for the reader. O

We shall now give explicit formulas for the action of the Coxeter
generators s; on the Young basis vectors vy in terms of the weights
a(T). For this purpose, it will be useful to know the relations sat-
isfied by the s;’s and the Xj’s since the vp’s are eigenvectors for

Xq,...,X,. The following relations are easily verified.
SZ‘X]' :XjSZ‘, j?’él,l—}‘l, (9)
S? == 1, XZ'XiJrl == XiJrlXi’ SiXi +1= XiJrlSi. (10)

(The preceding lemma can also be proved using the commutation
relation (9) above. We leave this as an exercise). Let 7' be as in
(7) above and let a(T') = (ay,a9,...,a,). Let V be the subspace
of VAi+1 generated by vy and s; - vy (note that V' is atmost two
dimensional). The relation (10) shows that V' is invariant under the
actions of s;, X;, and X;,; and a study of this action will enable us
to write down a formula for s; - vp.

We are thus led to consider the algebra H(2) generated by ele-
ments Hy, Hs, and s subject to the following relations:

82:1, HlHQZHQHl, SH1+1:H28. (11)

Note that Hs can be excluded because Hy = sHis+ s, but it is most
useful to include Hs in the list of generators.
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Lemma 5.2. (i) All irreducible representations of H(2) are atmost
two dimensional.

(ii) Fori = 1,2,...,n — 1 the image of H(2) in CS, obtained by
setting s = s; = (1,1 + 1), Hy = Xy, and Hy = X1 is semisim-
ple, i.e., the subalgebra M of CS, generated by s;, X;, and X;,1 is
semisimple.

Proof (i) Let V' be an irreducible H(2) module. Since H; and H,
commute they have a common eigenvector v. Let W be the space
spanned by v and s-v. Then dim W < 2 and (11) shows that W is
a submodule of V. Since V is irreducible it follows that W = V.

(i) Let Mat(n) denote the algebra of complex n! x n! matrices, with
rows and columns indexed by permutations in .S,,. Consider the left
regular representation of .S,,. Writing this in matrix terms gives an
embedding of CS,, into Mat(n). Note that the matrix in Mat(n)
corresponding to a transposition in S, is real and symmetric. Since
X; and X;,; are sums of transpositions the matrices in Mat(n)
corresponding to them are also real and symmetric. It follows that
the subalgebra M is closed under the matrix * operation (A — (A)?).
A standard result on finite dimensional C*-algebras shows that M
is semisimple. O

We can now explicitly describe the action of the Coxeter gen-
erators on the Young basis in terms of transformation of weights.
In the following it is convenient to parametrize Young vectors by
elements of Spec (n) rather than by chains 7" (recall that these sets
are in natural bijection).

Theorem 5.3. Let T be a chain as in (7) and let o(T') = (ay, ..., a,) €
Spec (n). Consider the Young vector v, = vr. Then

(i) a; # a;y1, for all i.
(1) a;v1 = a; £ 1 if and only if s; - vo = V4.
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(iii) Fori=1,...,n — 2 the following statements are not true:
a4 = Gip1 + 1 = Giyo, a; = g1 — 1 = a0

() If a;41 # a; £ 1 then
!/

o =s;-a=(a1,...,0i1,041,0, o, . . ., 0)

belongs to Spec (n) and o' ~ «. Moreover the vector

1
V=8 —— | - U,
Qi1 — Q4

is a scalar multiple of vo. Thus, in the basis {v,, v} the actions of
X, Xiv1, and s; are given by the matrices

1 1
a; O af’i+1 O a;41—a; 1 - (ai+1fai)2
|: 0 A1 :| ’ |: 0 a; :| ’ and [ 1 1

a;—ai4+1

respectively.

Proof (i) Suppose first that v, and s; - v, are linearly dependent.
Then, since s? = 1, we have s; - v, = +v,. The relation (10)
(equivalent to s;X;s; + s; = X;41) now shows a;41 = a; + 1.

Now assume that v, and s; - v, are linearly independent and let
V be the subspace of V*i+1 they span. Then, as checked before, V'
is invariant under the action of the algebra M and the matrices for
the actions of X;, X;41 and s; in the basis {v,, s; - vs} of V are

a; —1 Ai4+1 1 01
KR I )
respectively. The action of X; on V*+1 is diagonalizable and thus,

since V' is X;-invariant, the action of X; on V is also diagonalizable.
This implies a; # a;11.
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(ii) The if part has already been proved in part (i) above. Let us now
prove the only if part. Suppose a;11 = a; + 1 (the case a;11 = a; — 1
is similar). Assume that v, and s; - v, are linearly independent and
let V be the subspace of V*+1 they span. Now V is an M-module
and M is semisimple. But it can be easily checked that there is
only one 1-dimensional subspace of V', namely the space spanned by
S; * Uq — Vq, that is invariant under the action of M, a contradiction.
Thus v, and s; - v, are linearly dependent and this implies that
Si Vg = Vg

(iii) Suppose a; = a;41 — 1 = a;42 (the proof in the other case is
the same). By part (ii) we have s; - v, = v, and s;11 - Uy = —V4.
Consider the Coxeter relation

S5iSi+15i = Si+15iSi+1,

and let both sides act on v,. The lhs yields —v, and the rhs yields
V4, & contradiction.

(iv) By part (ii) we have that v, and s; - v, are linearly independent.
For j # 4,4+ 1 we can easily check using commutativity of X; and
s; that X - v = a;v. Similarly, using (10), we can easily check that
X;-v = a;1vand X;1-v = q;v. It follows from Corollary 2.2(i) that
o' € Spec (n) and from Corollary 2.2(ii) that v is a scalar multiple
of vy. Clearly o/ ~ a as v € V*. The matrix representations of
s;, X; and X, are easily verified. O

If @« = (ay,...,a,) € Spec (n) and a; # a;+1 £ 1, we say that the
transposition s; is admissible for . Note that if a € Spec (n) is ob-
tained from [ € Spec (n) by a sequence of admissible transpositions
then o ~ (.

In the next section we shall show that Spec (n) consists of inte-
gral vectors. This given, the matrix for the action of s; from part
(iv) of Theorem 5.3 suggests that if we choose the GZ-basis {vr}
appropriately then all irreducible representations of S,, are defined
over Q. We shall show how to do this in Section 7.

19



6 Content vectors and Young tableaux

In the Vershik-Okounkov theory Young tableaux are related to
irreducible S,, representations via their content vectors. Let us define
these first.

Definition 6.1. Let a = (ay,as,...,a,) € Z". We say that « is a
content vector if

(Z) a; = 0.
(i1) {a; — 1,a; + 1} N {ay,az,...,a;1} # 0, foralli> 1.
(111) if a; = a; = a for somei < j then {a—1,a+1} C {a;41,...,aj_1}

(i.e., between two occurrences of a there should also be occurrences
ofa—1anda+1).

Condition (ii) in the definition above can be replaced (in the
presence of conditions (i) and (iii)) by condition (ii’) below.

(ii’) For all i > 1, if a; > 0 then a; = a; — 1 for some j < i and if
a; <0 then a; = a; + 1 for some j < .

The set of all content vectors of length n is denoted Cont (n) C
VA
Theorem 6.1. Spec (n) C Cont (n).

Proof Let a = (aq,...,a,) € Spec (n). Clearly a; = 0 as X; = 0.
We verify conditions (ii) and (iii) by induction on n. Since X, =
(1,2) we have ay = +1 and thus condition (ii) is verified (and con-
dition (iii) does not apply). Now assume n > 3.

If a,,_1 = a, = 1 there is nothing to prove, so assume this does
not hold. Then the transposition (n — 1,n) is admissible for «
and, by Theorem 5.3(iv), (ai,...,a,_2,an,a,—1) € Spec (n). Now
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(ay,...,ap_9,a,) € Spec (n — 1) and by the induction hyphothesis
{an—1,a, +1}N{a1,...,a,—2} # 0. Thus condition (ii) is verified.

Now assume that a; = a, = a for some i < n. We may
assume that ¢ is the largest possible index, i.e., a does not oc-
cur between a; and a,: a € {aj11,...,a,_1}. Now assume that
a—1¢{aj1,...,a,—1}. We shall derive a contradiction (the case
where a + 1 & {a;t1,...,a,_1} is similar).

By induction hypothesis the number a+1 occurs in {a; 41, ..., an-1}
at most once (for, if it occured twice, then by the induction hypoth-
esis a would also occur contradicting our assumption). Thus there
are two possibilities:

(@iy.ooyan) = (a, %, ..., %,a) or (A, ...,a,) = (a,%,..., % a+1, %, ..., % a),
where x stands for a number different from a — 1, a,a + 1.

In the first case we can apply a sequence of admissible transposi-
tions to infer that (..., a,a,...) € Spec (n), contradicting Theorem
5.3(1) and in the second case we can apply a sequence of admissible
transpositions to infer that (...,a,a+ 1,a,...) € Spec (n), contra-
dicting Theorem 5.3(iii). O

If « = (a,...,a,) € Cont (n) and a; # a;41 £ 1, we say that
the transposition s; is admissible for a. We define the following
equivalence relation on Cont (n): « &~ 3 if 3 can be obtained from
a by a sequence of (zero or more) admissible transpositions.

We are finally ready to introduce Young tableaux into the pic-
ture. Recall the definition of the Young graph Y: its vertices are
Young diagrams, and two vertices p and 7 are joined by a directed
edge from p to 7 if and only if © C 7 and 7 — p is a single box. In
this case we write u /" 7. The content ¢(B) of a box B of a Young
diagram is its z-coordinate — its y-coordinate (our convention for
drawing Young diagrams is akin to drawing matrices with z-axis
running downwards and y axis running to the left). By Tab (1) we
denote the set of all paths in Y from the unique partition of 1 to
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7. Such paths are called standard Young tableaux. Given a path
T € Tab (7), written as

nS TS T =T,

a convenient way to represent it is to take the Young diagram of 7
and write the numbers 1,2, ..., nin the boxes 7, o —71, ..., Th—Tn-1
respectively. Set

Tab (n) = U, Tab (1),

where the union is over all partitions 7 of n.

Let T; € Tab (n) and assume that i and ¢ + 1 do not appear
in the same row or column of 7;. Then exchanging ¢ and 7 4+ 1 in
Ty produces another standard Young tableaux 75 € Tab (n). We
say that T5 is obtained from 77 by an admissible transposition. For
Ty, Ty € Tab (n), define Ty ~ T, if T, can be obtained from 77 by
a sequence of (zero or more) admissible transpositions (it is easily
seen that ~ is an equivalence relation).

The proof of the following combinatorial lemma is left as an

exercise.

Lemma 6.2. Let ® : Tab (n) — Cont (n) be defined as follows.
Given

T=mn/"17,/" /1, € Tab (n),
Define
O(T) = (c(m1),e(ma —T1)y ooy (i, — Tn1))-
Then ® is a bijection which takes ~-equivalent standard Young tableaux

to ~-equivalent content vectors.

Lemma 6.3. Let T, Ty € Tab (n). Then Ty ~ Ty if and only if the
Young diagrams of Ty and Ty have the same shape.

Proof The only if part is obvious. To prove the if part we proceed
as follows. Let u = (u1, pia, ..., i) be a partition of n. Define the
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following element R of Tab (u): in the first row write down the
numbers 1,2,..., 4y (in increasing order), in the second row write
down the numbers p; + 1,9 + 2, ..., 1 + po (in increasing order)
and so on till the last row. We show that any 7" € Tab (u) satisfies
T =~ R. This will prove the if part. Consider the last box of the last
row of p. Let ¢ be written in this box of T'. Exchange ¢ and 7 + 1
in 7' (which is clearly an admissible transposition). Now repeat this
procedure with ¢+ 1 and 7+ 2, then i+ 2 and ¢+ 3, and finally n — 1
and n. At the end of this sequence of admissible transpositions we
have the number n written in the last box of the last row of . Now
repeat the same procedure forn —1,n—2,...,2. O

Let us make a remark about the proof of Lemma 6.3. Let s
denote the permutation that maps R to T". Then the proof shows
that R can be obtained from 7" by a sequence of ((s) admissible
transpositions. Thus 7" can be obtained from R by a sequence of
¢(s) admissible transpositions.

We can now present one of the central results in the representa-
tion theory of the symmetric groups.
Theorem 6.4. (i) Spec (n) = Cont (n) and the equivalence rela-

tions ~ and ~ coincide.

(ii) The map ®~' : Spec (n) — Tab (n) is a bijection and, for
a,3 € Spec (n) we have a ~ (3 if and only if @~ () and ()

have the same Young diagram.

(iii) The branching graph of the chain of symmetric groups is the
Young graph Y.

Proof We have

e Spec (n) C Cont (n).

e If & € Spec (n), f € Cont (n), and a ~ [ then it is easily
seen that 3 € Spec (n) and a ~ (. It follows that given an
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~-equivalence class A of Spec (n) and an ~-equivalence class
B of Cont (n), either ANB =10 or BC A.

e #(Spec (n)/ ~) = p(n), since the number of irreducible S,,-
representations is equal to the number of conjugacy classes in
Shs

e #(Cont (n)/ =) = p(n), by Lemmas 6.2 and 6.3.

The four statements above imply part (i). Parts (ii) and (iii) are
now clear. O

7 Young’s seminormal and orthogonal forms

We now discuss the choice of the scalar factors in the Young basis
{vr}, so that all irreducible representations of S, are defined over

Q.
Given the results of Section 6, we can now parametrize irre-
ducible S,,-modules by partitions of n and we can parametrize the

Young basis vectors in an S,-irreducible (parametrized by u € P(n))
by standard Young tableaux of shape .

Fix a partition p of n and consider the irreducible .S,,-module V*.
Let R be the tableau defined in the proof of Lemma 6.3. Choose
any nonzero vector vg € Vz. Now consider a tableau 7' € Tab (u).
Let s be the permutation that maps R to T'. Define

Ur = pT(S : UR),

and define ((T') = {(s). Recall, from Section 2, that py denotes the
projection onto Vp. We will now show that vy # 0. It will then
follow that {vy : T' € Tab (n)} is a basis of V*.
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Before proceeding further we observe the following: let T €
Tab (1) and choose a nonzero vector v € Vp. Theorem 5.3(iv)
shows that, if s; is an admissible transposition for 7', then s; - v
is the sum of a nonzero rational multiple of v and a nonzero vector
in Vi,p. If s; is not admissible for 7', then Theorem 5.3(ii) shows
that s; - v = $wv.

Fix T' € Tab (u) and let s be the permutation that maps R to
T. Let k = ¢(T). The proof of Lemma 6.3 shows that we can write

T=s-R=cicy--c-R,

where each ¢; is an admissible transposition (w.r.t ¢j4q---cgx- R). It
now follows (why?) from the definition of vr, the observation above,
and the fact that s cannot be written as a product of fewer than k
Coxeter transpositions that

s-vR:vT+ZuQ,
Q

where vr # 0, ug € Vi and the sum is over all Q € Tab (u) with
Q) < T).
Theorem 7.1. Consider the basis {vy : T € Tab (n)} of V* defined

above. Fix T € Tab (n) and let o(T) = (ay,...,a,). Let s; be a
Cozeter generator. The action of s; on vr is as follows.

e [fiand i+ 1 are in the same column of T' then s; leaves vr
unchanged.

e [fi and 1+ 1 are in the same row of T then s; multiplies vp
by —1.

e Suppose i and i+ 1 are not in the same row or column of T.
Let S =s;-T (i.e, swapi andi+1 inT).
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If0(S) = £(T) + 1 then the action of s; in the two dimensional
subspace with ordered basis {vr,vs} is given by the matriz

1 1— 1
aip1—a; . (aiy1—a;q)?
1
ai—0iy1

If £(S) = U(T) — 1 then the action of s; in the two dimensional
subspace with ordered basis {vr,vs} is given by the transpose
of the matrix above.

Thus, all irreducible representations of S, are defined over Q.

Proof Items (i) and (ii) in the statement of the theorem follow from
Theorem 5.3(ii).

Let us now consider item (iii). Assume that ¢(S) = ¢(T) + 1.

We have (why?), using the expression for s - vg above,

Si-vp = si-(s-vR—ZuQ)
Q

= Si'(ClCQ"'Ck'UR_ZU/Q)
Q
= US“‘ZUQ’
Q/

where ug € Vi and the sum is over all Q)" € Tab (u) with (Q’) <
¢(T). It now follows (why?) from Theorem 5.3(iv) that

1
S; - vp = ——Up + Ug
Qi1 — Q4

The expression for s; - vg can be obtained by applying s; to both
sides of the equation above.

If ¢(S) = ¢(T) — 1 then we write T = s; - S and switch 7" and
S in the formulas for vy, vg above along with switching a; and a; .
Doing this is equivalent to transposing the matrix. O
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Another way to prove the theorem above is to directly verify the
Coxeter relations (we leave this as an exercise).

The basis and the action described above is called Young’s semi-
normal form of V*. Now let us consider Young’s orthogonal form for
V#. This is defined over R. Since V* is irreducible there is a unique
(upto scalars) (why?) S,-invariant inner product on V*#. Pick one
such inner product and normalize the vectors {vr} defined above
(we use the same notation for the normalized vectors). Note that
the vectors {vr} are orthonormal (why?). The following result now
follows from the previous result.

Theorem 7.2. Consider the orthonormal basis {vr : T € Tab (n)}
of V¥ defined above. Fix a chain T and let o(T) = (aq,...,ay). Let
s; be a Coxeter generator and put r = a1 — a;. The action of s; on
vy 18 as follows.

o [fiand i+ 1 are in the same column of T' then s; leaves vr
unchanged.

o [fi and i1+ 1 are in the same row of T then s; multiplies vy
by —1.

e Suppose i and i+ 1 are not in the same row or column of T.
Let S =s;-T (i.e, swapi andi+1 inT).
The action of s; in the two dimensional subspace with ordered
basis {vr,vs} is given by the matriz

1 V1—1r—2
V1—r—2 —p1

The number r is called the axial distance. It is the difference of
the contents of the corresponding boxes in the Young diagram.
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