
Algebraic Groups
(ATM School on Deligne-Lusztig Theory, TIFR-2011)

An algebraic groupG over a fieldk (assumed algebraically closed, unless otherwise stated)
is an affine varietyG with a group law such that the productµ : G → G and the inversion
ι : G → G are morphisms of varieties. An affine variety is completely determined by its
coordinate ring (which is an affine algebra). The group structure onG can be recovered
from the algebra of regular functions (the coordinate ring)k[G] if one knows the comul-
tiplication µ∗ : k[G] → k[G]⊗k k[G] and the counite∗ : k[G] → k. These makek[G] into a
Hopf algebra, see Humphreys-Linear Algebraic Groups (H-LAG), 7.6 or Springer-Linear
Algebraic Groups (S-LAG), Chapter 2 for details. We say thatG is defined over a subfield
of k if one can choose the generators of the ideal ofG to have coefficients in that subfield.
We letT(n,K),D(n,K),U(n,K) or Tn(K),Dn(K),Un(K) respectively denote the subgroup of
GLn(K) of all upper triangular matrices, all diagonal matrices, all unipotent upper triangular
matrices. In all the exercises below, unless otherwise mentioned, all algebraic groups are
over an algebraically closed field.

Examples of algebraic groups

1. Explain whyGLn,SLn,O(n),SO(n),Sp2n are algebraic groups. Which of these are
connected? What are their dimensions?

2. Show thatSp2n ⊂ SL2n.

3. Prove that the commutator subgroup ofT(n,K) isU(n,K). Show thatU(n,K) is nilpo-
tent. What aboutT(n,K)?

4. Write down the comultiplication and counit maps for the affine coordinate rings of
Ga, Gm andGLn.

5. Prove thatT(n,K), D(n,K), U(n,K) are all connected. What are their dimensions?
What are their algebras of regular functions?

6. Is the mapGm →Gm, z 7→ z̄defined overC a morphism of algebraic groups?

7. Calculate orders of the finite groupsG(Fq), whereG is any of the above groups (see
Basic Algebra-I, Jacobson, Chapter 6).

8. Prove thatGa andGm are algebraic groups and thatGa ≇Gm.

1



2 D-L. Workshop

9. ComputeAut(Ga), Aut(Gm).

10. Prove that any group homomorphism fromGa toGm andGm to Ga is trivial.

11. LetA be a finite dimensionalk-algebra. Prove thatAut(A) is an algebraic group defined
overk.

12. LetG be a connected algebraic group. Prove that anyfinite normal subgroup ofG is
central.

13. LetN⊂GLn be the group of monomial matrices (matrices having precisely one nonzero
entry in each row and each column). Prove thatN is a closed subgroup ofGLn and
N◦ = Dn(k) ∼= k∗n. Also prove thatNGLn(Dn(k)) = N, ZGLn(Dn(k)) = Dn(k) and

W =
NGLn(Dn(k))
ZGLn(Dn(k))

∼= Sn.

14. Show thatSL2(C) = Sp2(C).

15. InGLn(K), show that the normalizer ofDn(K) is the groupN of monomial matrices.

16. Show thatSLn is generated by the subgroupsUi j , whereUi j consists of all matrices
with 1’s on the diagonal and arbitrary entry in the(i, j)th position. Note thatUi j is
isomorphic toGa.

Quadratic, Hermitian and Symplectic forms

Basic reference: Lang-Algebra, Chapter XV, N. Jaconson-BasicAlgebra-Volume I, Chap-
ter 6 and Volume II, Section 4.8. Letk be a field of characteristic not 2. LetV be a finite
dimensional vector space overk. Let B : V ×V → k be a map. IfB is bilinear, we call
B s symmetric form if B(x,y) = B(y,x) for all x,y ∈ V. We call B alternating or sym-
plectic if B(x,y) = −B(y,x). If k has an automorphism of order 2, written asa 7→ ā, we
call B a hermitian form if B is linear in the first variable andsesquilinear in the second,
i.e. B(x,ay) = āB(x,y) for all x,y ∈ V, moreover,B(x,y) = B(y,x) for all x,y ∈ V. A map
Q : V → k is a quadratic form on V if there is a symmetric bilinear formB on V such
that Q(v) = B(v,v) for all v ∈ V. It is easy to see that there is a bijective correspondence
(in characteristic not 2) between quadratic forms and symmetric bilinear forms onV. Let
B : V ×V → k be a symmetric, alternating or hermitian form. We callB nondegenerate if
B(x,y) = 0 for all y implies x = 0. We call the pair(V,B) a quadratic, symplectic or her-
mitian (or unitary) space ifB is nondegenerate and is respectively symmetric, alternating or
hermitian form onV. If B is symmetric and nonzero, then there exists an orthogonal ba-
sis for B. With respect to such a basis, the matrix ofB is diagonal. This fact is stated as
any nonzero symmetric bilinear form can be diagonalized. A quadratic form onV is called
universal if it attains all values fromk. We define a quadratic formQ to be isotropic if it
has a nontrivial zero inV, anisotropic otherwise. Any nontrivial zerov of Q is called an
isotropic vector. A subspace which contains only isotropic vectors forQ is called atotally
isotropic subspace. The dimension of a maximal totally isotropic subspace is independent
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of the subspace and is called theWitt index of V. If B is a hermitian form, one again has an
othogonal basis. IfB is a nondegenerate alternating form, the dimension ofV is necessarily
even, further, all alternating nondegenerate forms of a given dimension overk are equivalent
(see Lang-Chapter XV, Section 8), see also the book by L. C. Grove, Classical Groups and
Geometric Algebra. Anisometry of a nondegenerate bilinear formB on V is an element
g∈ GL(V) such thatB(gv,gw) = B(v,w) for all v,w∈ V. An isometry is necessarily bijec-
tive, sinceV is finite dimensional. The group of isometries is denoted byO(V,B),Sp(V,B)
orU(V,B) respectively, according asB is symmetric, alternating or hermitian, and are called
theorthogonal, symplecticor theunitary group of(V,B). Let B be a bilinear form onV.
For any basis{e1, · · · ,en} of V, we have the matrix associated toB, namely,(B(ei ,ej)). The
determinant of this matrix is called thediscriminant of B, it is determined up to a square in
k.
Clifford algebra and the Spin group : Let (V,Q) be a quadratic space (i.e.Q is a nondegen-
erate quadratic form onV). ThenSO(Q) = O(V,Q)∩SL(V) is a connected algebrac group
defined overk. This group has a two fold covering, denoted bySpin(V,Q). The Clifford
algebra ofQ is a pair(C, f ) whereC is an associativek-algebra (k need not be algebraically
closed in this discussion) with unity 1 andf : V →C is ak-linear map withf (x)2 = Q(x).1
for all x∈V, satisfying the followinguniversal property: for any pair(D,g), whereD is an
associative algebra overk with 1 andg :V →D is ak-linear map such thatg(x)2 =Q(x).1 for
all x∈V, there exists a uniquek-algebra homomorphism ˜g : C→ D such that ˜g◦ f = g. The
Clifford algebraC(V,Q) exists and is unique uptok-isomorphism. Clearlyf (V) generates
C as an algebra. One shows easily thatf is injective. If e1, · · · ,en form a basis ofV, the
productsei1 · · ·eim, 1≤ i1 < i2 < · · ·< im≤ n together with 1 form a basis forC(V,Q), hence
Dim[C(V,Q)] = 2n. If n is even,C is a simple algebra with centerk (a simplek-algebra with
centerk is called acentral simple algebra). If n is odd,C has a 2 dimensional center overk.
In this case,C is either simple or a direct sum of two simple algebras. LetC+ be the subal-
gebra ofC generated by products of even number of vectors inV. HenceDim(C+) = 2n−1.
Whenn is even, it can be shown thatC+(Q) is seperable with centerZ either a quadratic
field extension ofk or the split quadratic algebrak×k. In the first caseC+ is simple while in
the second it is direct sum of two simple algebras. Ifn is odd,C+ is always central simple.
If we defineη : C →C by η(ei1 · · ·eir ) = eir eir−1 · · ·ei1 on the generatorsei1 · · ·eir (1≤ i1 <
i2 < · · · < ir ≤ n;1 ≤ r ≤ n) andη(1) = 1, we get a well defined involution (antiautomor-
phism or period 2) ofC, called thestandard involution. If t ∈ C is invertible such that
tVt−1 =V, it can be shown thattη(t) ∈ k.1. We can now define, for any extensionL/k,

Spin(Q)(L) = {e∈C+
L |tVLt−1 =VL, tη(t) = 1}.

The groupSpin(Q) defined above is a connected algebraic group, called theSpin group of
Q. For anyt ∈ Spin(Q)(L), the automorphismv 7→ tvt−1 of VL belongs toSO(Q)(L). This
gives us a mapSpin(Q)k → SO(Q)k which is ak-homomorphism of algebraic groups, is
surjective with kernel{±1}.

1. Letk=Q andV =K =Q(21/3) as a vector space overk. DefineB(u,v)=TraceK/k(uv).
Prove thatB is nondegenerate symmetric form. Find an orthogonal basis for V.

2. LetQ be a nondegenerate isotropic quadratic form. Prove thatQ is universal.
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3. LetF be a finite field andB a nondegenerate symmetric bilinear form on a vector space
V of dimension at least 2. Prove thatB is universal.

4. Let (V,Q) be a quadratic space over a finite field andDim(V) ≥ 3. Show thatV is
isotropic.

5. Let Q be a nondegenerate quadratic form onV. SupposeQ is isotropic. Prove that
there are linearly independent vectorsv,w ∈ V such thatB(v,v) = B(w,w) = 0 and
B(v,w) = 1, hereB(x,y) = Q(x+ y)−Q(x)−Q(y) is the symmetric bilinear form
associated toQ. The plane spanned by such a pair of vectors is called ahyperbolic
plane.

6. Prove that any two hyperbolic planes are isometric.

7. Any hyperbolic plane contains exactly two one dimensional totally isotropic sub-
spaces. LetQ : R2 → R be the quadratic formQ((x,y)) = x2− y2. Show that this
is a hyperbolic plane. Determine the two 1 dimensional totally isotropic subspaces of
this quadratic space.

8. Compute the Clifford algebra of the 1 dimensional quadraticspace(k,Q), where
Q(x) = x2 for x∈ k.

9. Compute theC(V,Q) where(V,Q) is the hyperbolic plane overk.

10. A nondegenerate quadratic space(V,Q) of dimension 2 is hyperbolic if and only if
Disc(Q) =−1k∗2.

11. A linear transformationV →V is called unipotent if 1−T is nilpotent. Prove that ifQ
is anisotropic then 1 is the only unipotent element inO(V,Q). Prove that ifDim(V)≥ 3
andQ is isotropic, thenO(V,Q) contains nontrivial unipotents.

12. Asymplectic hyperbolic planeis a 2-dimensional symplectic space(V,B). Show that
there are vectorsv,w ∈ V such thatB(v,v) = B(w,w) = 0 andB(v,w) = 1. The pair
{v,w} is called a hyperbolic pair.

G-varieties, Orbit spaces, Lie algebras

Let G be an algebraic group overk. A G-variety or aG-space is a varietyV with a morphic
action ofG. A homogeneous spacefor G is aG-space on whichG acts transitively. Refer to
(H-LAG), Chapter-IV, or (S-LAG), Section 2.3, (H-LAG), Section 8 for details. We define
thering of dual numbers by D = k[x]/(x2) = {a+bε|a,b∈ k;ε2 = 0}. Let G⊂ GLn be an
algebraic group (with this embedding fixed).
The Lie algebra of G can be defined as a Lie subalgebra ofgln(k) by Lie(G) = {X ∈
gln(k)|I + εX ∈ G(D)}, wheregln denotes the matrix algebraMn(k) with the Lie bracket
[X,Y] = XY−YX.

1. LetG be a closed subgroup ofGLn. ThenAn is aG-space in a natural way. Determine
the orbits forG= GLn,SLn,Dn.
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2. One has an action ofGL(V) onP(V) induced by the action ofGL(V) onV. In partic-
ular, GL2 acts onP1 andP1 is a homogeneous space under this action. Describe the
isotropy at a point. The diagonal action ofGL2 on P1×P1 is not homogeneous and
has precisely two orbits.

3. Prove that there is no non-trivial action ofGa on the affine varietyA1−{0}.

4. Prove thatLie(G) is the kernel of the homomorphismG(D)→G(k), whereD= k[ε] =
k[x]/ < x2 >→ k andk[ε]→ k is the mapa+bε 7→ a.

5. Compute the Lie algebra of all classical groups.

Semisimle and Unipotent elements, Jordan decomposition

Let G be an algebraic group over a fieldk. We call g ∈ G semisimple(resp. unipotent)
if it is diagnolizable (resp.g = 1+N, N nilpotent) in some embeddingG ⊂ GLn. Every
elementg∈ G admits a unique decompositiong= gsgu = gugs, with gs semisimple andgu

unipotent,gs,gu ∈ G (this is called the Jordan decomposition ofg). See (S-LAG, Section
2.4), (H-LAG), Chapter VI.

1. Let g ∈ GLn(C) be such thatgm = 1 for some positive integerm. Prove thatg is
semisimple. Is this true in positive characteristic?

2. Prove that ifa∈ End(V) andb∈ End(W) are semisimple (nilpotent, unipotent) (V,W
finite dimensional vector spaces) then so isa⊕b∈ End(V ⊕W) anda⊗b∈ End(V ⊗
W).

3. LetG be an algebraic group over a characteristic 0 field. Letg∈ G be such thatgm is
semisimple for some positive integerm. Show thatg is semisimple.

4. Let Gs and Gu the set of all semisimple and unipotent elements inG respectively.
Prove that these are not subgroups in general.

5. Show that every open set containing 1 contains unipotent elements, henceGs is not
closed. What aboutGu?

6. A groups is calledunipotent if all its elements are unipotent. LetG be a subgroup
of GLn that acts irreducibly onkn. Prove thatG has no nontrivial normal unipotent
subgroups.

7. Any unipotent group in characteristic zero is connected.

8. If characteristick is 0, An elementx ∈ GL(V) is unipotent if and only if there is a
(rational) representationGa → GL(V) whose image containsx.

9. Prove that, if characteristic ofk is 0, any 1-dimensional algebraic group consisting of
unipotent elements is isomorphic toGa.
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Conjugacy classes and Centralizers

Basic references: S-LAG, Section 5.4, Section 6.3, 6.4; H-LAG Section 8, Section 18, 19.

1. LetG= PGL2(C) ands= diag(i,−i), i2 =−1. Show thatZG(s) has two connected
components.

2. Prove that the conjugacy classs of any semisimple elementin GLn is closed.

3. Prove that the conjugacy class of 1+ei j in GLn or SLn is not closed. Exhibit nonclosed
unipotent classes in other classical groups.

4. Classify the centralizers of semisimple elements ofGLn in terms of their characteristic
polynomial (multiplicity of roots).

5. Let G be connected. We callx∈ G regular if the dimension of the centralizerZG(g)
is minimal. Prove that regular elements form a nonempty opensubset ofG.

6. x∈ G is regular if and only if its semisimple part is regular.

7. Prove thatg ∈ GLn or SLn is regular if and only if the characteristic and minimal
polynomial sofg are the same.

8. Letx= xsxu be the Jordan decomposition ofx∈ G. Show thatx∈ ZG(xs)
◦.

9. Let characteristic ofk be not 2 andG= SOn, n≥ 3. Show that there exist semisimple
elements inG whose centralizer is not connected.

Maximal Tori, Borel and Parabolic subgroups

A torus in an algebraic groupG is a subgroupSsuch thatH ≃Gr
m for some positive integer

r, called the rank of the torus. A maximal torus inG is a torusT ⊂ G that is not strictly
contained in any other torus inG. In a connected algebraic group, maximal tori exist and
are all conjugate. The rank of a maximal torus inG is called therank of G. A maximal
connected solvable subgroup ofG is called aBorel subgroup of G. These exist and are all
conjugate. A closed subgroupP⊂ G is aparabolic subgroup if G/P is a projective variety.
Basic references: S-LAG, Chapter VIII, IX, S-LAG, Chapter 6.

1. Over an algebraically closed fieldk, find a maximal torus forGLn,SLn, SO2n,SO2n+1,Sp2n

andSpin2n. Note that such a torus has rankn in all cases butSLn, where it has rank
n−1.

2. Prove thatrank G= 0 if and only ifG is a unipotent group.

3. SupposeT is a torus which is normal inG and supposeG/T is also a torus. Prove that
G is itself a torus.

4. If dim(G)≤ 2 thenG is solvable.
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5. LetG be a connected algebraic group consisting only of semisimple elements. Prove
thatG is a torus.

6. LetG be a connected algebraic group andT a torus inZ(G). Prove that[G,G]∩T is
finite.

7. Show that the subgroupTn ⊂ GLn of upper triangular matrices is a Borel subgroup of
GLn.

8. Give an example of a finite solvable subgroup ofSL2(C) that is not conjugate to a
subgroup of the group of upper triangular matrices inSL2(C).

9. G= GLn acts onV = kn. A flag in V of lengths is a sequence of distinct subspaces
Vi, 1≤ i ≤ s, with {0} 6=V1 ⊂V2 ⊂ ·· · ⊂Vs. This flag iscompleteif s= n−1, i.e.,
Dim(Vi) = i for all i. Show that the Borel subgroups ofG are precisely the isotropies
of complete flags.

10. Assume that characteristic ofk is not 2. LetV = kn and define a non-degenerate
symmetric bilinear form onV by

((x1,x2, · · · ,xn),(y1,y2, · · · ,yn)) =
n

∑
i=1

xiyi .

Then the orthogonal groupG=On is the group of allg∈GLn such that(gx,gy)= (x,y)
for all x,y∈V. A subspaceW of V is totally isotropic if the restriction of the form to
W is zero. Acomplete isotropic flagis a flag whose subspaces are all totally isotropic,
of maximal length[n/2]. Then the Borel subgroups ofG are the isotropies of complete
isotropic flags.

11. LetV = k2n and define a non-degenerate skew-symmetric (or symplectic)bilinear form
<,> onV by

< (x1,x2, · · · ,xn),(y1,y2, · · · ,yn)>=
n

∑
i=1

(xiyn+i −xn+iyi).

The the symplectic groupG=Sp2n is the group of allg∈GL2n such that< gx,gy>=<
x,y> for all x,y∈V. Describe Borel subgroups ofG in terms of certain flags as above.

12. LetG be a connected algebraic group andB be a Borel subgroup inG. Let σ : G→ G
be an automorphism that fixesB pointwise. Prove thatσ is the identity automorphism
of G.

13. ForG= SLn, describe the parabolic subgroupsB= Tn∩G and deduce that the num-
ber of conjugacy classes of parabolics inG is 2n−1. Discuss other classical groups
similarly.
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Reductive and Semisimple groups

Basic reference: S-LAG, H-LAG.

1. Prove that any algebraic groupG has a unique largest normal solvable (closed) sub-
groupR(G), called theradical of G.

2. We callG semisimpleif R(G) = {1}. The subgroupRu(G) of R(G) consisting of all
its unipotent elements is called theunipotent radical of G. We callG reductive if
Ru(G) = {1}. Prove thatSLn is semisimple andGLn is reductive, but not semisimple.

3. Prove thatSO(Q) is a connected semisimple group defined over a field over whichQ
is defined.

4. Prove that a closed connected normal subgroup of positivedimension in a semisimple
(resp. reductive) group is again semisimple (resp. reductive).

5. Let G be connected reductive and assume that the centerZ(G) is finite. Prove thatG
is semisimple.

6. LetG be connected of positive dimension. Prove thatG is semisimple if and only ifG
has no nontrivial closed connected commutative normal subgroups.

7. Let G be a connected algebraic group andT be a torus contained in the centerZ(G).
Prove that[G,G]∩T is finite.

8. LetG be connected reductive. ThenZ(G) is the intersection of all maximal tori ofG.

9. LetG be connected reductive. ThenZ(G) =
⋂

α∈Φ Ker(α).

10. LetG be connected reductive andB a Borel subgroup containing a maximal torusT.
ThenNG(T)∩B= T.

11. G connected reductive. ThenG is generated byGs.

12. G connected reductive andB a Borel subgroup ofG. Then[B,B] = Bu.

Characters, one-parameter subgroups, Root data, Weyl groups

Let G be an algebraic group. By a character ofG we mean an algebraic group homomor-
phismχ : G → Gm. We denote the group of all characters ofG by X(G). A morphism of
algebraic groupsλ : Gm → G is called a 1-parameter subgroup ofG. The set of 1-parameter
subgroups ofG is denoted byY(G). See S-LAG, Chapter 7, H-LAG Section 16.4, Chapter
IX, Humphreys-Introduction to Lie Algebras (H-Lie), Chapter III.
Root system :A subsetΦ of the euclidean spaceE is called areduced root systemin E if
the following conditions hold : (a)Φ is finite, 0 /∈ Φ andΦ spansE. (b) If α ∈ Φ, the only
multiples ofα in Φ are±α. (c) For everyα ∈ Φ, the reflectionsα leavesΦ invariant. (d) If
α,β ∈ Φ then< β,α >∈ Z, where< v,w>= 2(v,w)/(w,w) and(v,w) is the euclidean inner
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product onE. Recall alsosα(β) = β− < β,α > α. Let W denote the subgroup ofGL(E)
generated by{sα|α ∈ Φ}. ThenW acts onΦ by permutations and hence can be identified
with a subgroup of the symmetric group onΦ. In particularW is a finite group, called the
Weyl group of Φ. For α ∈ Φ, let α∨ = 2α/(α,α), called the co-root corresponding to the
root α. One knows thatΦ∨ is a root system inE, called the dual root system ofΦ, has Weyl
group isomorphic to the Weyl group ofΦ. The rank of Φ is the dimension ofE. Given
an ordered vector space structure onE such that any root is positive or negative, we denote
by Φ+ (resp. Φ−) the set of positive (resp. negative) roots. Positive rootsthat are inde-
composable into a sum of other positive roots are calledsimple roots. The set∆ of simple
roots is called abasisof Φ with respect to the given order. It follows that∆ is a basis forE
and every root is a linear combination of elements of∆ with integral coefficients, all having
the same sign. The Weyl group has a presentationW =< {sα}α∈∆;s2

α = 1,(sαsβ)
m
α,β = 1>,

wheremα,β is the order of the productsαsβ. Any group with such a presentation is called a
Coxeter group. In the Coxeter groupW , thelength l(w) of w∈W is the minimum number
of generators in an expression ofw. The length depends on∆. One can show that the length
l(w) is the number of roots inΦ+ which are mapped toΦ− by w. Let ∆ = {α1, · · · ,αn}
be a simple system (basis) inΦ ands1, · · · ,sn be the correspondingsimple reflections. The
elements1s2 · · ·sn is called aCoxeter elementin W . This element depends on∆ as well as
the way∆ is ordered. However, all Coxeter elements inW are conjugate inW . Order of a
Coxeter element is called theCoxeter numberof W , usually denoted byh. It can be shown
thath= 2N/n whereN is the number of positive roots.

1. Let T be a torus. Show thatX(T) andY(T) are dualZ-modules under the natural
pairingX(T)×Y(T)→ Z, (χ,λ) 7→ n whereχ◦λ : Gm →Gm mapst to tn.

2. Show thatX(Ga) = {1}= X(SLn). ComputeX(GLn).

3. Assumek is not the algebraic closure of a finite field. IfT is a torus, show thatT is the
closure of a cyclic subgroup.

4. Let T = SLn∩Dn, χ : T → Gm the character(t1, t2, · · · , tn) 7→ tit
−1
i+1 for fixed i < n.

Construct a 1-parameter subgroupλ : Gm → T such that< χ,λ >= 2.

5. Let Φ be a root system inE with Weyl groupW . Prove that for anyσ ∈ GL(E)
such thatσ(Φ) = Φ, < α,β >=< σ(α),σ(β) >, for all rootsα,β. Show also that
< α∨,β∨ >=< β,α >.

6. Show by an example thatα−β may be a root even when(α,β) ≤ 0, whereα,β are
roots.

7. Letα,β ∈ Φ span a subspaceE′ of E. Prove thatE′∩Φ is a root system inE′. Prove
also thatΦ∩ (Zα+Zβ) is a root system inE′. More generally, letΦ′ ⊂ Φ be such that
Φ′ is nonempty,Φ′ =−Φ′, and forα,β ∈ Φ′, if α+β ∈ Φ thenα+β ∈ Φ′. Prove that
Φ′ is a root system in the subspace it spans.

8. Classify all root systems of rank less than or equal to 2 (seeHumphreys Lie algebras).
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9. Show that{ej −ei|1≤ i, j ≤ n+1, i 6= j} is a root system of rankn (calledAn), here
ei are the standard basis vectors ofE.

10. Show that{±ei|1≤ i ≤ n}∪{±ej ±ei|1≤ i, j ≤ n, i < j} is a root system of rankn
(calledBn).

11. Show that{±2ei|1≤ i ≤ n}∪{±ej ±ei|1≤ i, j ≤ n, i < j} is a root system of rankn
(calledCn).

12. Show that{±ej ±ei |1≤ i, j ≤ n, i < j} is a root system of rankn (calledDn).

13. Compute root strings inG2 to verify the relationr −q=< β,α > (see Humphreys Lie
Algebras, Lemma on page 45 and discussion thereafter).

14. If σ ∈W can be written as a product oft simple reflections, prove thatt has the same
parity asl(σ).

15. Define a functionsn: W → {±1} by sn(σ) = (−1)l(σ). Prove thatsn is a homomor-
phism.

16. Prove that there is aunique elementσ ∈W sendingΦ+ to Φ− (relative to∆). Prove
that any reduced expression forσ must involve allsα,α ∈ ∆. What can be said about
l(σ)?

17. Prove that each irreducible root system is isomorphic toits dual, except thatBl andCl

are dual to each other.

18. Prove that an inclusion of one Dynkin diagram in another induces an inclusion of the
corresponding root systems.

19. Prove that the long roots inG2 form a root system inE of typeA2.

20. Prove that the mapα 7→ −α is an automorphism ofΦ. For which irreducibleΦ does
this map belong toW ?

21. Compute the Coxeter numbers of all classical Weyl groups.

22. (Bruhat Decomposition): Prove that any elementA ∈ GLn can be written asA =
LPDU whereL is a unipotent lower triangular matrix,P a permutation matrix,D a
diagonal matrix andU a unipotent upper triangular matrix. Use this to prove that
GLn = B.W.B=U.W.B= ∪w∈WUwB whereB is the group of upper (or lower) trian-
gular matrices,W (Weyl group) is isomorphic toSn andU is the group of unipotent
upper (or lower) triangular matrices.
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Abstract theory of weights

Let Λ be the set of allλ ∈ E for which < λ,α >∈ Z, α ∈ Φ. We call elements ofΛ as
weights. It follows thatΛ is a subgroup ofE containingΦ. The subgroupΛr of Λ generated
by Φ is called theroot lattice. Fix a basis∆ ⊂ Φ. Defineλ ∈ Λ to bedominant if all the
integers< λ,α>, α∈∆ are nonnegative,strongly dominant if these are positive. LetΛ+ be
the set of all domonant weights. If∆ = {α1, · · · ,αl}, then 2αi/(αi ,αi) form a basis ofE. Let
λ1, · · · ,λl be the dual basis (with respect to the inner product onE); 2(λi ,α j)/(α j ,α j) = δi j .
It follows that theλi are dominant weights. We call them thefundamental weights(relative
to ∆). See H-Lie, Section 13.

1. Let Λ′ be any subgroup ofΛ such thatΛr ⊂ Λ′. Prove thatΛ′ is W -invariant. We
thus obtain a homomorphismφ : Aut(Φ)/W → Aut(Λ/Λr). Prove thatφ is injective.
Deduce that−1 ∈W if and only if 2Λ ⊂ Λr . Show that−1 ∈W for precisely the
irreducible root systemsA1,Bl ,Cl ,Dl (l even),E7,E8,F4,G2.

2. Prove that the roots inΦ which are domonant weights are precisely the highest long
root and (if two root lengths occur) the highest short root, whenΦ is irreducible.

3. Letλ ∈ Λ+. Prove thatσ(λ+δ)−δ is dominant only forσ = 1, hereδ is half the sum
of positive roots (see 13.3, Humphreys Lie Algebras).

Structure of reductive groups

Let G be a connected reductive algebraic group overk, T ⊂ G a maximal torus,X(T) its
group of characters. We have the following main theorem (seeDigne-Michel’s book)

Theorem 0.1. (i) Nontrivial minimal closed unipotent subgroups of G normalized by T are
isomorphic toGa, the conjugation action of T is transferred by this isomorphism to an
action of T onGa, having the form x7→ α(t)x, for someα ∈ X(T). We denote the unipotent
subgroup corresponding to this by Uα.
(ii) The elementsα ∈ X(T) thus obtained are all distinct and are all nonzero and are finitely
many. They form a reduced root systemΦ in the subspace of X(T)⊗R they generate, they
are called theroots of G relative to T). The group NG(T)/T is isomorphic to the Weyl group
of Φ.
(iii) The group G is generated by T and{Uα}α∈Φ.
(iv) If α+β 6= 0, then the set of commutators[Uα,Uβ] is contained inΠγUγ whereγ runs over
the set of roots of the form aα+bβ with a,b positive integers.
(v) The Borel subgroups containing T correspond bijectively to the bases ofΦ. If Φ+ is
the set of positive roots corresponding to such a basis, the corresponding Borel subgroup
B= T.Πα∈Φ+Uα for any order onΦ+.

Theorem 0.2.Let G be a connected reductive group. Then the following are equivalent
(i) G is semisimple.
(ii) G is generated by the Uα, α ∈ Φ.
(iii) G = [G,G].
(iv) For any maximal torus T , the roots of G relative to T generate X(T)⊗R.
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Theorem 0.3.A connected semisimple group G has finitely many minimal nontrivial normal
connected subgroups. Any two of them commute and each has a finite intersection with the
product of the rest. The product of all of them is equal to G.

A quasi simplegroup is a connected semisimple group which has no nontrivial proper nor-
mal connected subgroup. For a connected reductive groupG we haveG= [G,G].R(G), here
the product is almost direct.

Corollary 0.1. Every connected reductive group is the almost direct product of its radical
and finitely many quasi simple groups.

Theorem 0.4. (Classification)Let G br connected reductive. Theroot datum (X(T),Y(T),Φ,Φ∨)
determines G up to isomorphism and each possible root datum is the root datum of some re-
ductive group.


