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Abstract

We study aspects of thie'-homotopy classification problem in dimensions3 and, to this end, we
investigate the problem of computidg -homotopy groups of som&!-connected smooth varieties of
dimension> 3. Using these computations, we construct paird biconnected smooth proper varieties
all of whoseA'-homotopy groups are abstractly isomorphic, yet which aredArt-weakly equivalent.
The examples come from pairs of Zariski locally trivial @ojive space bundles over projective spaces
and are of the smallest possible dimension.

Projectivizations of vector bundles give risedt6-fiber sequences, and when the base of the fibration
is anA'-connected smooth variety, the associated long exact sequéA'-homotopy groups can be
analyzed in detail. In the case of the projectivization ofiak2 vector bundle, the structure of the
A'-fundamental group depends on the splitting behavior offator bundle via a certain obstruction
class. For projective bundles of vector bundles of rang, the A*-fundamental group is insensitive to
the splitting behavior of the vector bundle, but the streetf higherA!-homotopy groups is influenced
by an appropriately defined higher obstruction class.
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1 Introduction

The purpose of this paper is to study some aspects of thegunobf classifyingA!-connected smooth
proper varieties of a fixed dimension up Ad-homotopy equivalence; this problem was introduced and
discussed in[JAM11]. We focus here on varieties having disi@m> 3 and, in particular, projective
bundles over a smooth!-connected base. Far'-connected smooth varieties of dimensign2 over an
algebraically closed field having characteristicin [AM11], §5] we showed the homotopy classification
is largely governed by théa!-fundamental sheaf of groups (see Seciibn 2 for a definjtiom)ceforth we
abbreviateA ! -fundamental sheaf of groups Ad -fundamental group.

In dimensions< 2, it is possible to describe all'-connected smooth proper varieties over an alge-
braically closed field, and then to compute all the corredpanA ' -fundamental groups (again, see [AM11,
§5]). In contrast, in dimensiol 3, there seems to be no reasonable description of the colfestiall A -
connected smooth propérffolds: by [AM11, Corollary 2.3.7], stably rational smogpinoper complex3-
folds areA'-connected, and stably rational varieties are already gquytsterious (see also [AML1, Example
2.3.4]).

This paper is motivated in part by the fact that it is still,arsense, possible to provide a homotopy
classification of all closed-manifolds, even though we cannot answer the question afiwimitely gener-
ated groups appear as fundamental groups of such maniftid®69,| Swa74, Hen77]; see Remark]5.9 for
more discussion of this point. We consider the question: twivariants are necessary far-homotopy
classification in dimensions greater than two?

Lens spaces provide examples of clogechanifolds that are homotopy inequivalent yet whose ho-
motopy groups are abstractly isomorphic (see Rernark 5.5dore quick recollections on lens spaces).
Therefore, if one believes that the analysisidthomotopy theory of smooth propér-connected-folds
is in any way similar to the analysis of homotopy theory ofseld3-manifolds, then it seems reasonable
to expect that knowledge af!-homotopy sheaves of groups (henceforti;homotopy groups) alone is
not sufficient to distinguish ali\'-homotopy types in dimensior 3. In support of this expectation, we
establish the following result.

Theorem 1 (See Theoremls 8.4, 5.5 and Remlark 58)pposel is an integer> 3. There exist pointed
A'-connected smooth prope#folds (X, z) and (X', 2’) that fail to beA'-weakly equivalent, yet for which
7' (X, z) is (abstractly) isomorphic ter®' (X', 2/) for all i > 0.

The examples arise from arguably the next simplest clasargdties beyond projective spaces: projec-
tive bundles of direct sums of line bundles over projectpaces. Voevodsky showed that integral motivic
cohomology rings (in particular, Chow cohomology rings) anstable\!-homotopy invariants, and we dis-
tinguish theA'-homotopy types of the examples in the previous theorem t@cdcomputation of motivic
cohomology rings. The bulk of the work is devoted to studyiighomotopy groups of projectivizations
of vector bundles ovei'-connected base schemes to establish the existence ofstinacitisomorphism of
the theorem statement.

By careful choice of the projective bundles!-homotopy groups of degree 2 can be controlled in
a rather straightforward fashion. On the other hand,Ahdundamental group of a positive dimensional
smooth proper\!'-connected variety is always non-trivial [AM11, Propasiti5.1.4]. Very few computa-
tions of A'-fundamental groups exist, and much of the paper is devotpdbividing such computations for
projective bundles over ah'-connected smooth base. Our computations can be viewed\wdipg a “rel-
ative” version of Morel’s fundamental computations [Moy£2.3] of “low-degree”A'-homotopy groups
of P"; just as in topology, highei'-homotopy sheaves @" are isomorphic ta\'-homotopy sheaves of
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spheres and are therefore extremely complicated in general

Before describing the computation, we mention anothervatitin for this investigation. An old ques-
tion of Schwarzenberger asks about the existence of narsegll rank vector bundles on projective spaces
(see, e.q./[MFK94, p. 227] or [OSS8M.4] for discussion of this question). A precise form of thiges-
tion is the conjecture of Hartshorne asserting that a avdéctor bundle ofP™ splits so long as > 7; see
[Har74, Conjecture 6.3], though no counterexamples arekreven form = 6. Of course, if this conjecture
is true, then the\'-homotopy type of the projectivization of any raksector bundle on projective space
of large dimension is indistinguishable from thé-homotopy type of the projectivization of a split bundle.
At the very least, this circle of ideas suggests that thdtsmi behavior of a vector bundle influences the
A'-homotopy type, and this belief is borne out in our compategi

Just as in topology, we can study thé-homotopy groups of projective space bundles using theyheo
of Al-fiber sequences, via techniques pioneered by F. Morel ateti@ad by M. Wendi [Mor12, Wenl1].
Indeed, given such a bundle, there is an associated lontjse@uence relating thie'-homotopy groups of
the base, fiber and total space; see Corollaryl3.22. Our noais gre thus twofold. First, we want to provide
explicit descriptions of the connecting homomorphismis ihaccomplished by study of the'-Postnikov
tower (see Definition 2.11). Second, we want to solve thdtiaglextension problem to determine the group
structure on the\'-fundamental group. Proposition B.4 shows that projediwedles onA'-connected
smooth varieties over algebraically closed fields of chargstic 0 are automatically projectivizations of
vector bundles, so discussion can be simplified by restgdt this case.

Proposition 4.4 and Theorein 4116 demonstrate that if a vdtodle splits, then thé.!-homotopy
groups of the associated projective bundle are very réstridn particular, the\!-fundamental group of the
projectivization of a split vector bundle is a split extarsof theA!-fundamental group of the base by the
A'-fundamental group of the fiber (i.e., projective spacejl ae completely describe the group structure
on this extension. Furthermore, the higligr-homotopy groups of a split bundle are simply a product of
the A'-homotopy groups of the base and fiber.

In contrast to the split case, a certain obstruction clab&iwwe refer to as the Euler class (see Definition
[4.9), intercedes in the structure of thé-fundamental group of a potentially non-split bundle: thée
fundamental group of the total space is an extension ofthindamental group of the base by a quotient of
the A'-fundamental group of the fiber. Moreover, this extensioshafaves of groups is no longer obviously
split. We show that, if our Euler class is trivial (which alygahappens, e.g., if th&'-connected base
variety isP", n > 2) then i) theA'-fundamental group of the total space is again a split eidansf the
Al-fundamental group of the base by thé-fundamental group of the fiber, and ii) we can write down the
group structure on the extension.

While w‘l*l (P") is quite simple fom > 2, Morel showed[[Mor12§7.3], theA!-fundamental sheaf of
groups ofP! is a highly non-trivial (non-abelian!) sheaf of groups. Asansequence, the study Af -
fundamental groups of projectivizations of rahkundles is much more complicated than the case of higher
rank bundles. We recall Morel's descriptionsf' (P!) in Theoreni 2.29.

The outlines of our approach are already visible in the stfdyomotopy groups oRP"-bundles over
closed connected manifolds; we review this study as mativaat the beginning ofid. The following
statement summarizes our calculations in the situatiorrevtne A ' -connected base variety is a projective
space (though more general results are established inxe te

Theorem 2(See Theorenis 4.6 ahd 4. 1&uppos€ is a rankm vector bundle o, n > 2 andm > 2,
and fix an identificatioPic(P") = Z. If m > 3, then there are isomorphisms

2 (PE)) =5 Gy x 7l (P).
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If m = 2, and furthermore=(&) is trivial (seeDefinition[4.9, then there is a split short exact sequence of
the form ) )
1 — wt (PY) — 7wt (P(E)) — Gy — 1;

the class of the extension is determined by the image(6f in Pic(P")/2 Pic(P") = Z/2Z.

Remark3. In [Morl2, Theorem 8.14], Morel introduces an Euler clasgfjrebd via obstruction theory, that
provides the only obstruction to splitting a rankvector bundle on a smooth affine scheme of dimension
< n. The Euler class we define is conceived in the same spiritroltiges an obstruction to splitting a
vector bundle up to thé\'-2-(co)skeleton of the base (see Definitlon 2.11) in a manngedandent of
the dimension ofX (or whetherX is affine), though at the expense of introducing saiieconnectivity
hypotheses. It can be shown that our Euler class coincidés Morel's Euler class, but we have not
provided a detailed verification here. In a sense, our dssonss classicaldf. [MS74, Chapter 12]), with
some additional contortions necessitated in order to anaibsing orientability hypotheses.

Regarding computations @f!'-homotopy groups, this work suggests two natural questidfisst, in
the case wher€ is a rank2 vector bundle on am'-connected smooth variety ard€) is non-trivial,
the theorem above is definitely not correct; we explain thisnore detail in Example_4.20. What does
the A'-fundamental group look like in this case? Second, progidirdescription of higheA'-homotopy
groups of projective bundles will require more effort. Rusiion[4.4 provides some statements in the case
of split vector bundles and Lemrha 4126 gives a statementdi&gppossibly non-split vector bundles in the
presence of strong'-connectivity hypotheses on the base variety (satisfieceample, if the base variety
is a high-dimensional projective space). Recent comuutatof higherA!'-homotopy sheaves of punctured
affine spaces (see [AF1Zb, AF12a, AF12c]) open the door teiging a more detailed description of the
next obstruction in the case Bf -bundles, and the first “interesting” obstruction in theecasP?-bundles.

Overview of sections

Sectiori 2 recalls a number of general facts frdfahomotopy theory and.!-algebraic topology, especially
aspects related to the theory of thé-fundamental sheaf of groups. The subject we consider te goiing

an in an attempt to keep the paper reasonably self-contaiveelave chosen to repeat statements of results.
Section[8 collects a number of facts about spedificfiber sequences related to classifying spaces for
SL,,GL, and PGL,, which will be necessary for analyzing the various obstomnst that arise. Finally,
the main results are proven in Sectidhs 4 @nd 5. We refer #uerdo the introduction to each section for a
more detailed list of contents.
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2 Review of someA!-algebraic topology

In this section, we review some basic facts framh-homotopy theory and\'-algebraic topology. The
material in this section will be used throughout the papencMof what we write here can be found in the
Morel's beautiful work [Mor12], but we have provided somegis of results stated but not provenild.

A'-homotopic preliminaries

Fix a field ; in the body of the texk is assumed to have characteridiidf no alternative hypotheses are
given. Write Sm;, for the category of schemes separated, smooth and finiteotygrg:. The wordsheaf
we will always mean Nisnevich sheaf ¢fn;,. We write Spe, for the category of simplicial Nisnevich
sheaves otbmy; objects of the categorgpe, will be referred to asi-spaces, or simply aspacesf £ is
clear from context. Sending a smooth schekhéo the representable functbiom,,, (-, X') and taking the
associated constant simplicial sheaf (i.e., all face amgleracy maps are the identity map) determines a
fully faithful functor Smy, — Spc, . Spaces will generally be denoted by calligraphic lettetsle schemes
will be denoted by capital roman letters; we use the com@dsitctor just mentioned to identifym, with

its essential image iSpc, and we use the same notation for both a scheme and the asdcspatce. Write
Spe,. , for the category of pointed-spaces, i.e., pair6Y, x) consisting of a-spaceX and a morphism
T Si)eck: — X.

We write 7V (k) for the (Nisnevich) simplicial homotopy category a?@fs(k) for its pointed analog;
each of these categories is the homotopy category of a mwdeture onSpc, or Spc, . For more details
regarding the precise definitions, we refer the reader [M\§29Definition 1.2]. The set of morphisms
between two spaces i]N'(k) or #]{5(k) will be denoted[—, —], though when considering pointed
homotopy classes of maps, the base-point will be explisiigcified unless it is clear from context. For a
pointed spac¢X’, x), we write X%, for the simplicial suspension operatié A — andRQL X for the space
Qlx/, wherex/ is a simplicially fibrant model oft. As usual, simplicial suspension is left adjoint to
(simplicial) looping.

We use the Morel-Voevodskyi!-homotopy category (k) and its pointed analog4 (k); these cat-
egories are constructed as a (left) Bousfield localizatibeither #V(k) or H 0 (k); see [MV99,§3
Definition 2.1]. In particular, the categosi (k) is equivalent to the subcategory #£'s(k) consisting of
Al-local objects, and the inclusion of the subcategorbflocal objects admits a left adjoint called the
Al-localization functor. There is a choice of such a functor,\fhich we writeL 41, that commutes with
formation of finite products (one model of the functbg: is given in [MV99, §2 Lemma 3.20], and one
replacesE'z in this lemma by the Godement resolution functor via [MV92,Theorem 1.66]). We write
[—, —]a1 for morphisms in# (k) or H, (k) and explicitly indicate the base-point in the latter case.

An important fact regarding th&'-local model structure is that it is proper; in particulas)lpacks of
Al-weak equivalences aloniy'-fibrations are again.!-weak equivalences; see [MV9§2 Theorem 3.2].
We will also import various definitions from classical hommyy theory (e.g., regarding connectivity) to the
simplicial or A'-homotopy category by prepending either the word simplimighe symbolA'; when we
do not give precise definitions, the terms are defined in gyaloth their classical topological counterparts.

If X is a space, the sheaf of simplicial connected componentstelér§(.t'), is the Nisnevich sheaf
on Smy, associated with the preshdafi— [U, X],. Similarly, the sheaf of\'-connected components 4f,
denotedvraAl(X) is the Nisnevich sheaf afim;, associated with the preshddf— [U, X],:. A spaceX’ is
simplicially connected if the canonical morphisn§(X') — Speck is an isomorphism, and!-connected
if the canonical morphismraAl(X) — Speck is an isomorphism. We recall the following result, which
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provides many examples @f'-connected varieties, and suffices to establishconnectedness of most of
the examples in the remainder of the paper.

Proposition 2.1. If k is a field, andX is a smooth scheme admitting an open cover by open sets ighimor
to affine space (with non-empty intersections), theis A'-connected.

If (X,z) is a pointed space, theri(X, x) is the Nisnevich sheaf asim;, associated with the presheaf
U [SEAUL, X, andnfl(.ﬂc,m) is the Nisnevich sheaf ofm,;, associated with the presheéf —
[SE AU, X (here, we take pointed homotopy classes of maps). Thes#ieages of groups far > 0,
and sheaves of abelian groups for 1. For notational compactness, we will often suppress baseg
when writing A'-homotopy groups when the space under consideration isreithconnected or if the
choice of base-point is clear from context.

A presheafF on Smy, is Al-invariant if for everyU € Sm;, the canonical magF(U) — F(U x Al)
is a bijection. A sheaf of group&' (possibly non-abelian) istrongly A'-invariant if the cohomology
presheavedi, (-, G) are Al-invariant fori = 0,1. A sheaf of abelian groupd is strictly Al-invariant
if the cohomology presheaves! (-, A) are Al-invariant fori > 0. The main structural properties of the
sheaveSr;-*l(X, x) are summarized in the following fundamental results due toe¥l

Theorem 2.2([Mor12, Theorem 6.1 and Corollary 6.2])f (X, z) is a pointed space, then for any integer
i > 0'the sheaves®' (X, z) are stronglyA!-invariant.

Theorem 2.3([Morl12, Theorem 5.46)) If k is a perfect field, a strongly!-invariant sheaf of abelian
groups onSmy, is strictly A'-invariant.

1
Notation 2.4. We write gr‘,fl for the category of strongly! -invariant sheaves of groups, aﬂﬁﬁ for the
category of strictlyA '-invariant sheaves of groups.

Simplicial homotopy classification of torsors

Let G be a Nisnevich sheaf of groups. LE{z denote theCech construction of the epimorphist —
Speck, and letBG denote the (Nisnevich) sheaf quotiefitz /G for the diagonal (right) action off on
EG. The spaceBG, which is the simplicial classifying space f6f, has a canonical base point, which we
denotex in the sequel. We writé?},. (X, G) for the set of Nisnevich locally triviai7-torsors overY, i.e.,
triples (P, w, G) consisting of a (rightyz-spaceP, a morphismr : P — X" equivariant for the trivial right
action onX’, and isomorphism of Nisnevich shea@s< P = P x y P. The terminology classifying space
is justified by the following result.

Theorem 2.5([MV99] §4 Propositions 1.15 and 1.16])f G is a Nisnevich sheaf of groups, then for any
spaceX’ there is a canonical bijection

(X, BG)s = HiW (X, G).
Moreover, for any integei > 0, and any smooth schemg the group[XiU, , BG], is isomorphic toG (U)
if i =1 andis trivial if i > 1.

If G is a linear algebraic group viewed as a Nisnevich sheaf afgg@ndX is a smooth scheme, the
set H; (X, G) studied above can actually be identified with the set of Nighelocally trivial G-torsors
on X in the usual sense. For our purposes, it suffices to obseav@ tNisnevich locally triviat7-torsor on
X in the usual sense gives rise té-etorsor onX in the sense above by means of the Yoneda embedding.
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Corollary 2.6. If GG is a Nisnevich sheaf of groups, the@l(BG) = x*,

Proof. By the unstable\!-connectivity theorem [MV9943 Corollary 3.22] there is an epimorphism
75 (BG) — b (BG).

The sheafr{(BG) is, by definition, the Nisnevich sheafification &f — [U, BG|s. To check triviality
of this sheaf, it suffices to check triviality over stalks. Bieorem2.b and the discussion just prior to
the statement, it is a Henselian local schemig, BG]; corresponds to the set of isomorphism classes of
Nisnevich locally trivialG-torsors overS. However, Nisnevich locally trivia(z-torsors overS are trivial.

O

Remark2.7. One immediate consequence of the above discussion is titeda Nisnevich sheaf of groups
G is strongly A'-invariant if and only if the classifying spacBG is A'-local; we use this observation
repeatedly in the sequel. Using Theoreml 2.2, the inclusiothe subcategory of stronglis!-invariant
sheaves of groups into the category of Nisnevich sheavesoapg admits a left adjoint defined ldy —
n‘l*l (BG): this left adjoint creates finite colimits, e.g., amalgastesums.

If BG/ is a (simplicially) fiorant model oBG, then any element dft, BG], can be represented by
a morphism of simplicial sheave® — BGY. If X is simplicially connected, we can choose a base-point
x € X(k) making the aforementioned morphism a morphism of pointetpktial sheaves. Thus, any
G-torsor on a simplicially connected spagecan be represented by a pointed morphism— BG/ for
an appropriate choice of base-point. In the segielyill be an A'-connected smooth scheme, in which
case thed!-localization L,: X is a simplicially connected space by the unstableconnectivity theorem
[MV99] §3 Corollary 3.22].

Corollary 2.8. If GG is a Nisnevich sheaf of groups, there is a canonical singlliereak equivalence
RQIBG = G.

Proof. For any smooth schenié there is an adjunction
iU, ROQIBG], = [ UL, BG),.

By Theoreni 2.5, ifi = 0 the presheaf on the right hand side is precigg(y/), and ifi > 0 it is trivial.
In other words, after sheafification, the morphism of spR8$ BG — =§{(RQLBG) = G is a simplicial
weak equivalence. O

Generalities on fiber sequences

We fix some results about!-fiber sequences; this material is taken from [Hovg®2]. In any pointed
model category, there is a notion of loop object. In the sgttif A'-homotopy theory, if X', z) is a pointed
A'-fibrant space, then the simplicial loop sp&LgY is precisely the model categorical notion of loop space.
If p: & — Bis anA'-fibration between pointed!-fibrant objects (equivalently, by [MV9$2 Propo-
sition 2.28], simplicially fibrant and\'-local objects), lefF be the fiber of this map, and: 7 — £ be the
inclusion of the fiber. The general formalism of model categogives an action d?'13 on F, specified
functorially. Here is the construction. Given a spatean element of A, Q1 B],: can be represented by
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a morphismh : A x Al — B (whereA! is the simplicial interval). Ifu : A — F is a morphism, by
composition we get a morphismi = iou: A — £. Leta : A x Al — £ be alift in the diagram

!

A u

E
lio lp
B,

AXAih—>

wherei is the inclusion ab. One then defineg] - [h] = [w], wherew : A — F is the unique map such that
iow = aoiy. By [Hov99, Theorem 6.2.1], this construction gives a vekdfined right action ofA, Q25]4:
on [A, F]. In this situation, there is a boundary morphiémQ!3 — F defined as the composite

(2.1) §:QIB—FxQlB— F,

where the first map is the product of the inclusion of the h@siat and the identity map, and the second
map is the action map just constructed.

Definition 2.9. An Al-fiber sequencés a diagram of pointed spacés — ) — Z together with a right
action of RQ. Z on X that is isomorphic in#, (k) to a diagramF — £ % B wherep is anA'-fibration
of (pointed)A!-fibrant spaces with4'-homotopy) fibetF together with the action d2! 53 on F discussed
above.

Fiber sequences in topology give rise to long exact seqseinceomotopy groups; this result can be
generalized to the context of an arbitrary pointed modedg@ty. Applying this observation in the context
of Al-homotopy theory the next result is a consequence of (thieoflugdov99, Proposition 6.5.3] together
with a sheafification argument. (Note: a corresponding témits for fiber sequences in the simplicial
homotopy category as well.)

Lemma2.10.1f X — Y — Zis anAl-fiber sequence, then there is a long exact sequenaé-imomotopy
sheaves

ol (2) Sl () — ) o (E) —
whered, is the map onA'-homotopy sheaves induced by the morphisai Equation 2.1l the sequence
terminates WitmoAl(Z) (here, the expression “long exact sequence” is modified itaadard fashion for
1 = 0 or 1 where the constituents are groups or pointed sets).

Postnikov towers in A'-homotopy theory

Definition 2.11. An A'-Postnikov towefor a pointed spacéY, x) consists of a sequence of pointed spaces
(X 2), together with pointed maps : X — X, and pointed mapg, : X" — x(=1) having the
following properties.

i) The morphisms,, are allA!-fibrations.

i) The morphismsi, : X — X induce isomorphisms of sheavgs, : 72 (X) — w2 (x™) for

m
m < n.

iiiy The sheavesr®' (X() are trivial form > n.
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iv) The induced mapt’ — holim,, X" is anA!-weak equivalence.
Theorem 2.12(Morel-Voevodsky) An A'-Postnikov tower exists, functorially in the input spate

Sketch of proof.The proof of this fact is really a construction. Téieplicial Postnikov tower is constructed
for any spaceX in [MV99| §2 pp. 57-61]; roughly speaking this provides all of the staats in the
simplicial homotopy category.

Consider the simplicial Postnikov tower éf, 1 X'; we write (L1 X)) for the i-th stage of this tower.
Morel and Voevodsky show that the map

L1 X — holim, (L X®)

is a simplicial weak equivalence (that is the content of [MyBefinition 1.31], that the Nisnevich topology
satisfies this hypothesis is [MV99, Theorem 1.37]).

By definition, 74" (X') = #$(L,1X). By Theoren{ZP and Theorem .3, we know thdt () is
strongly A'-invariant andn-fl()() is strictly Al-invariant for anyi > 2. Equivalently,Bw‘l*l(X) is Al-
local, andK(fr;*l(X),j) is A'-local for any; > 2 and everyj > 0. By induction, one can then replace the
map(Lyi1 X))@ — (L, X)) by anAl-fibration without changing th&!-homotopy fiber. O

Looping and A!-localization

If X is a simplicially fibrant (but not necessarily!-local space), then there is a canonical pointed map
X — L1 X that induces a morphism of spaces

Qx — Loy —alr,x.

While the first morphism is aA'-weak equivalence by its very definition, the second momtigsnot an
A'-weak equivalence in general. Singé (1L, X) = =2 (X), by TheoreniZ]2, a necessary condition
that this morphism be ah'-weak equivalence is thatoAl (LX) is a stronglyA-invariant sheaf of groups.
Morel proves that this condition is also sufficient.

Theorem 2.13([Mor12, Theorem 6.46]) The morphisnL. .1 Q!X — QLL,1 X is anA'l-weak equivalence
if and only if the sheaf of group;s§1 (LX) is stronglyA!-invariant.

Al-covering spaces

One consequence of the existence of AllePostnikov tower is the existence of an-universal covering
space and a corresponding collection of results one redeasA'-covering space theory. For more details
about the constructions below, see [Mar§2.1].

Definition 2.14. If X is a space, aA'-coverof X is a morphismt’ — X that has the unique right lifting
property with respect to morphisms that are simultaneo&élyveakNequivalences and cofibrations Alfis
anA'-connected space, then ad-universal cover oft is a space¥ that isA'-connected and.!-simply
connected.

Remark2.15 By their very definition,A'-covers areA!-fibrations. Therefore, they give rise #o'-fiber
sequences. We will use this observation repeatedly in tipeete
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If (X,z) is a pointedA’-connected space, then thé-Postnikov tower shows that©) is A'-weakly
equivalent to the chosen base-point, arid is A'-weakly equivalent td372' (X', z). Morel deduces from
these observations (sée [Mof12, Theorem 7.8]) thatithomotopy fiber of the mag’ — Bﬂ-‘l*1 (X,z)is
anA'-universal cover oft. More precisely, for anyA'-connected spac#, anA'-universal covers exists,
and the construction is functorial in the input space.

Using Theoreni 2]5 and the fact thBtr2' (X, z) is Al-local, one observes that — X is a (“Nis-
nevich locally trivial”) w‘l*l(X, x)-torsor overX'. Said differently,X’ admits a free transitive right action of
w%l (X, ), which one can think of as the action by “deck transformatibn

Remark2.16 Suppose is anA!-connected space. Fix a base-paint X' (k) and setr := 7' (X, z).
Since theA!-universal cover? — X is anAl-simply connected space equipped with a free right action
of =, functoriality of the Postnikov tower shows that the Pdsimitower of X admits a rightr-action.
Keeping track of the action af gives rise to dwistedPostnikov tower oft’, which will be necessary for
doing obstruction theory later. This twisted Postnikov éows explained in the simplicial setting in [GJ99,
VI1.4-5].

Lemma 2.17.1f f: (), y') — (V,v) is a pointedA®-cover, then the induced map

(V) — ()
is an epimorphism foi > 1 and an isomorphism far > 1.

Proof. We can assume without loss of generality thaand) areA'-fibrant. In that case, thi'-homotopy
fiber of the mapf is precisely the actual fiber of this morphism. LZ&t= hofib(f). Since pullbacks of!-
coverings areé\!'-coverings, it follows thaf is anA'-covering ofSpec k. The unique right lifting property
then implies that any pointed morphissh — F is A!-homotopically constant if > 0, and so the canonical
morphismF — nOAl (F) is an isomorphism. The result of the claim follows from thedaexact sequence
in A'-homotopy sheaves of a fibration. O

The following result, which is a straightforward consequeerof obstruction theory and the fact that
w%l()() is strongly A'-invariant (equivalentIwa‘l*l(X) is Al-local), provides a universality property of

' (X); see[Mor12, Lemma B.7].

Theorem 2.18.If (X, z) is a pointedA'-connected space, and is any stronglyA'-invariant sheaf of
groups, then the morphism

1

[(X,z), BG]y1 — Hom 71"% (X),Q4)

grit (
induced by evaluation Oﬁrf%1 is a bijection.

One consequence of this theorem is the following resultisiraferred to as thenstableA '-connectivity
theorem a simplicially i-connected space is'-i-connected.

Corollary 2.19 ([Mor12, Theorem 6.38]) Suppose > 0 is an integer. If(X’, z) is a pointed simplicially
i-connected space (i.er,j.(X,x) = (0 forall j < i), thenL,: X is simpliciallyi-connected.

Proof. If X is a pointedd-connected space, thehn,: X' is pointed and)-connected by [MV99§2 Corol-
lary 3.22]. Therefore, supposE is a pointed and simpliciallyi-connected space. Sindg: X’ is sim-
plicially 0-connected, it suffices to prowefl*l(x,m) = 7j (L1 X) is trivial. Equivalently, it suffices
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by Theoren{ 2.8 and the Yoneda lemma to prove that for anngiirad !-invariant sheaf of groupsé,
the set[(X,x), BG], is trivial. If G is strongly Al-invariant, BG is A'-local, so the canonical map
[(X,2),BG]s — [(X,z), BG4 is an isomorphism. However, since is simplicially 1-connected, it
follows that the canonical mafiX’, ), BG]; — Hom(=wj(X,x),G) is a bijection as well (the homo-
morphisms on the right hand side are taken in the categoryissfeMich sheaves of groups). Singeis
simplicially 1-connected, this pointed set is trivial.

There are a number of ways to prove the resultifor 2, but all the methods we know implicitly
involve Theoreni 2I3. We proceed by inductioniorSuppose. . X is simplicially (: — 1)-connected and
X is simplicially i-connected. It suffices by the Yoneda lemma to show that i an arbitrary strictly
Al-invariant sheaf of groups, thdﬂiomﬂ e (wfl(X),A) is trivial. Indeed, using the fact thdt,: (X) is

k

simplicially (: — 1)-connected, one can show that the induced map

1

[, K (A,)] a1 — Hom (7 (X), 4)

is a bijection (one argues using obstruction theory; seandbéorl2, Lemma B.7] or[[ADQO9Y, Theorem
3.30)). In that case, the assumption tiabe strictly A'-invariant is equivalent td< (A, ) beingA!-local.
Therefore, the mapY, K (A4,14)]s — [X, K(A,1i)]s1 is a bijection, and the set on the left hand side is trivial
sinceX’ is simplicially i-connected. O

Properties of the A'-fundamental group

If T is a split torus,I" is strongly Al-invariant. Indeed? is Al-invariant since there are no nonconstant
maps fromA! to T (in fact, T is Al-rigid in the sense of [MV9943 Example 2.4]), andi}. (-, T) is Al-
invariant by homotopy invariance of the Picard group. THh¥dng result encodes some facts about the
role of torus torsors ik '-covering space theory.

Proposition 2.20. Assumé X, ) is a pointedA !-connected smooth scheme, andlldte a split torus.
i) There is a canonical isomorphisii;, (X, T) < Homg,, (w4 (X,z),T).

i) If f: X — X isaT-torsor with X alsoA'-connected, then fok € X (k) satisfyingf (%) = z, there
is a short exact sequence

1— ﬂ‘fl()z,ﬁé) — W?I(X,x) — ﬂoAl(T) — 1,and

. . 1, & ~ ~ 1 .
iii) there are isomorphisme® (X, %) & «f (X, z) forall i > 1.

Proof. The first statement is a consequence of Thedrem 2.18 usinigdhéhat? is an abelian sheaf of
groups. In that case, the sBt\. (X, T) = [X, BT, is the quotient of (X, z), BT],: by the induced
conjugation action of '(k), which is trivial sinceT" is abelian. The second statement follows immediately
from Lemmd 2.0 and Theordm R.5. The third statement foliowsediately from Lemmpa2.17. O

Remark2.21 An immediate consequence of the first observation is that\théundamental group of a
(strictly positive dimensional) smooth propar-connected scheme is always non-trivial: tdke= G,
and use the fact that the Picard group of a (strictly posiimeensional) smooth propérscheme is always
non-trivial.
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A'-homotopy theory of projective spaces and punctured affinemaces

We now recall some results, due to Morel, regarding the sira®f theA'-homotopy groups of projective
space. The results are essentially a breezy overvielw ofIR1@i7.3] introducing the main objects we will
need in subsequent sections.

The standard open cover Bf by two copies ofA! with intersectionG,,, realizesP' as the colimit

of the diagramA! < G,, — A'. The natural map from the homotopy colimit of this diagramnttie
colimit of this diagram is ar\'-weak equivalence, and yields an-weak equivlenc&!G,,, = P! [MV99]
§3 Corollary 2.18]. Using induction and a similar open congrby two sets, one shows that' \ 0 is
A'-weakly equivalent to=”~'G,,,\" [MV99] §3 Example 2.20]. It follows thah™ \ 0 is simplicially
(n — 2)-connected. By the unstable'-connectivity theorem (see Corolldry 2119), it followsttd \ 0 is
also(n — 2)-A'-connected.

Morel gives a description of thg: — 1)st A'-homotopy group of\™ \ 0 in terms of so-called Milnor-
Witt K-theory sheaves (see [Mor0&4] or [Mor12, 53] for details regarding this theory). One could take the
following result as a definition of Milnor-Witt K-theory shees, and this point of view will suffice for much
of the paper. However, the results of [Morg3] actually provide a concrete description of the sectidns o
this sheaf over fields, which completely determines thefstirae it is strictlyA!-invariant.

Proposition 2.22([Morl12, Theorem 6.40]) For every integem > 2, there is a canonical isomorphism
(AT 0) 5 KW,

Combining Propositioris 2.20 ahd 2122, one can deduce tlosviog computations of thé'-homotopy
groups of projective spaces; these properties will be usgéatedly in Sectidn 4.

Lemma 2.23. Suppose: is an integer> 2. There are isomorphisms

G, ifi=1
Py ={0 if 1 <i<mn,and
KMW  ifi=n.

Remark2.24 For the sake of comparison, we note that the above computiagiars a formal resemblance
to the computation of the homotopy groupsRi™ . Indeed, the structure of the groug RP" 1) (i > 0)
depends om. If n = 2, thenRP"~! = S'. In that caser;(RP") is non-vanishing only foi = 1, in which
case it is isomorphic t@. If n > 2, then the canonical ma§’~' — RP"~! is a covering space and gives
identificationsm; (RP" 1) = Z/2 andr;(S" 1) = m;(RP"~1) for i > 1. In particular,r;(RP"~1) vanishes
intherange® < i <n — 1.
Remark2.25 The fact that one can choogg: to commute with formation of finite products implies that
the i-th A'-homotopy group of a product af!-connected spaces is the product of tkth A'-homotopy
groups of the constituent factors (one can check the isdmmsypon stalks and reduce to the corresponding
fact for simplicial sets).

The homotopy colimit description @' above gives the identification®' (P!) = «2' (21G,,). Any
space of simplicial dimensiof (e.g., a sheaf of groups) is simplicially fibrant by [MV92 Proposition
1.13]. Using this fact, Corollariy 2.8, and the loop-suspemsdjunction there is a sequence of bijections

HOIH“;ka’.(Gm,G) — (G, Gls — [GmaﬁiBG]s — [E;Grm (BG, *)]s

for any Nisnevich sheaf of groups.
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If G'is, in addition, strongh !-invariant, there is an identificatidi ! G.,,, (BG, *)]s = [S1Gp, (BG, *)]a1.
Precomposing the (bijective) morphism of Theoiem P.18 withsequence of maps described in the previ-
ous paragraph gives the following result.

Lemma 2.26. If G is a stronglyA'-invariant sheaf of groups, then the morphism

HomSPCk’. (G, G) — Hom 1 (72 (S1Gp), G)

Gry'
described in the previous two paragraphs is a bijectionctarially in G.

This identification can be interpreted as sayfn‘fb1 (P!) is the free strongly !-invariant sheaf of groups
generated b¥s,,, and for that reason one uses the following notation.

Notation 2.27. SetF,: (1) := =" (PY).

Lemma 2.28. There is a short exact sequence of sheaves of groups of the for
1 — KW S Fu(1) —G,, —1

The second to last arrow on the right admits a set-theorgdiittimg.

Proof. The usualG,,-torsor A \ 0 — P! is an Al-covering space and thus gives rise to Ahfiber
sequence. The first statement then follows immediately bybioing Propositions 2.20 and 2]22.
Taking G = F1(1) in Lemmal2.2B, the identity maP (1) — F,1(1) corresponds to a pointed
morphism of sheaves of se,, — F41(1). Functoriality of the construction in Lemnia 2126 applied to
the morphism of stronghA!-invariant sheaves of grou,: (1) — G,, shows that the composite map
G,, — G,, is the identity map and thus the claimed morphism is in fa@tdlseoretic splitting. O

The set-theoretic section gives an isomorphism of shedest) : KY'W < G,,, = F,1(1). The group
structure orF 4 (1) is then specified by a factor set, i.e., a morphism of she@ve§.,,, x G, — K}W
(satisfying an appropriate cocycle condition) by meansefformula

Y(a,2)Y(b,y) = (ab®(zy), zy).

Morel identifies this factor set explicitly. To this end, henstructs a symbol morphisey, : G, A G, —
K)W (see[[Mor12, Theorem 3.37]) that can be precomposed witbgireorphisnG,,, x G, — G AGyy,
that collapse$,, VvV G,,,; we refer to this composite morphism also as the symbol nismph

Theorem 2.29([Mor12, Theorem 7.29]) The sheaff',:(1) is a central extension d&,,, by K)™ with
corresponding factor seb : G,,, x G,,, — KXW given by the symbol morphism.

Automorphisms of someA!-homotopy sheaves

When we study group structures @r-homotopy sheaves in Sectibh 4, we will need some informatio

about the sheaf of automorphisms of various homotopy skeawhile most cases that appear are short

enough to be treated without disturbing the exposition atltemorphisms oa‘rfl*1 (P') require more care.
The sheaf of endomorphisms 8f,: (1) admits a rather explicit description. Indeed, we know that

HOHIGTAl (Fa1(1),Fui(1)) = Homgp (G, Fa1(1)) sinceF 41 (1) is the free strongly -invariant sheaf
k 2,0
of groups onG,,,. The sheaf of morphisms froi&,,, to F,: (1) admits a particularly nice description in
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terms of what are called “contractions.”’H is a sheaf of pointed sets, sét; := Hom Spe, (G, F) (see

[Mor04, Definition 4.3.10]); this construction is functatiby its very definition and by [Mor12, Lemma
7.33] respects exact sequences of strodglyinvariant sheaves of groups. Using these observatiores, on
can prove the following result.

Lemma 2.30([Mor12, Corollary 7.34]) There is a canonical isomorphisiy: (1)_; = Z @ KW, and
Aut(F,:(1)) is a sheaf of abelian groups.

Remark2.31 A direct description of the ring structure @o KW requires some information about the
Hopf map [Mor12 57.3].

3 Projective bundles and otherA!-fiber sequences

In this section, we fix our notation for the study of projeetibundles. After reviewing some basic facts
and terminology regarding projective bundles, we desaibember of results oA!-fibrations associated
with torsors. The section ends with a review of some restiltd.dMendt, drawing heavily on work of F.
Morel, demonstrating that Zariski locally trivid?G L,,-torsors and associated projective bundles give rise
to Al-fiber sequences. The remainder of the material in the seittcoduces techniques that allow us to
effectively study the aforementioned fiber sequences (wihnemase of the fibration i&'-connected), and
these techniques will be used in the computations in Sedtidtuch of this discussion involves relating the
fiber sequences fdPG L,,-torsors,G L,,-torsors andS L,,-torsors.

Zariski locally trivial projective bundles

SupposeX is a smooth scheme aiddis a finite rank locally free sheaf @ x-modules onX; we will refer

to £ as a vector bundle oK. We also systematically abuse notation and idersfifyith the corresponding
geometric vector bundl8pec Sym® €Y — X. As usual, writeP(£) for the associated projective bundle
with projection morphisn?(£) — X. Recall the following properties of projective bundles.

Theorem 3.1([Gro61,84.1-4.2]) SupposeX is a scheme and is a rankn vector bundle onX.
o If f: X' — X and&’ = f*&, then there is a canonical isomorphiski x x P(£) = P(&').
e If £is aline bundle onX, there is a canonical isomorphisf(&) = P(€ @ £)

e The set of sections @f(£) is canonically in bijection with the set of locally-free sthieavesF C £
such that€ / F is invertible.

Definition 3.2. Suppose€ is a rankn vector bundle on a smoot#fischemeX. An A'-homotopy sectioof
P(£) — X consists of a smooth schem&, anA'-weak equivalencg : X' — X and a subsheaf C f*&
with invertible quotientf*£ / F.

Remark3.3. Itis not clear (to us) whether existence of&ah-homotopy section is a strictly weaker condition
than existence of a section. Since the Picard groug isomotopy invariant, the invertible quotiefit€ / F
on X’ gives rise to an invertible shedfon X. Even if f is flat (which is not an obvious consequence of the
assumptions) the situation is unclear. Indeed, by the gssoms onX and X', the theory of faithfully flat
descent implies that

Homoy (€, L) — Homo, (f*E, f*E/F)
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is injective (identified with the subspace of homomorphisesprving the descent datum), but it is not clear
whether the morphism in question descends. Neverthelesselins reasonable to speculate that existence
of an A'-homotopy section is equivalent to existence of a sectigh@pullback to an affine vector bundle
torsor overX.

Projective bundles over anA'-connected base

SupposeX is a smooth scheme. Siné¥5L,, is a smooth group schemeg, [Gro68, Theorem 11.8] guarantees
that PG L,,-torsors are étale locally trivial. There is a short exacjuence of algebraic groups (i.e., a short
exact sequence of étale sheaves of groups)

1—G,, —GL, — PGL, — 1.

The associated long exact sequence in (non-abelian)dth@mology yields the sequence of maps

. — HY(X,GL,) — HY(X,PGL,) ~% HA(X,Gn),

where, as usual, the first two terms are pointed sets.

The inclusion magH ., (X,GL,) — H(X,GL,) is an isomorphism, i.eG L, is a special group in
the sense of Serre. The projective bundles correspondifg-tb,,-torsors in the image of the first map are
precisely the projectivizations of vector bundles®¥n As a consequence, a projective bundleXoris the
projectivization of a vector bundle if and only if the imagktbe corresponding element éf2(PGL,,)
underz is trivial in Hé?t(X, G,,). The following result explains why we restrict to Zariskcédly trivial
projective space bundles in the remainder of the paper.

Proposition 3.4. SupposeX is an A'-connected smooth scheme (¥¢k) is non-empty byiMV99| §3
Remark 2.5] and char(k) is not divisible byn. Every projective bundle oX of rankn — 1 (i.e., with
n — 1-dimensional projective space fibers) that becomes trivjan restriction to someé-rational point
x € X(k) is the projectivization of a vector bundle.

Proof. If k is not algebraically closed, there may exist non-trivitl€ locally trivial projective bundles
over Spec k, so the condition regarding triviality upon restrictionaé-rational point is clearly necessary.
Write Br/(X) for the prime top part of the cohomological Brauer group of a smooth schemeBy
[AM11] Proposition 4.1.2], ifX is A'-connected, the canonical ma&p’(k) — Br'(X) is an isomorphism.
Equivalently, for any integen coprime tochar (k) and any elemerjP] of H(X, PGL,,) represented by a
torsor P — X, the class)[P] is pulled back from a class iHZ(Speck, G,).

If x € X (k) is ak-rational point such that the restriction Bfto z is trivial, then it follows that the origi-
nal class)[P] is trivial, and saP is PG L,,-torsor obtained from & L,,-torsor. In other words, the associated
projective space bundle is the projectivization of a vetiandle. Note that the map3r'(k) — Br'(X)
induced by differenk-rational points actually coincide, so the choice:afational point is irrelevant. [

Al-fiber sequences and torsors

Principal G-bundles are among the most common examples of fibratiorgpoldgy. Analogously, Morel
gave hypotheses under which Nisnevich locally triviatorsors give rise ta\!-fiber sequence.
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Theorem 3.5([Morl12, Theorem 6.50]) SupposeY is a k-space. IfG is a Nisnevich sheaf of groups such
thatTréAl(G) is stronglyA!-invariant, and ifP — X is a (Nisnevich locally trivial)G-torsor onX’, then

P— X — BG

is an A'-fiber sequence.

Remark3.6. In the sequel, when we use this theorem, it will be importantinderstand the action of
RO BG onP. By Corollary[2.8, we know thaRf2! BG = G. TheG-action onP coming from its def-
inition as aG-torsor is the required action. To see that this is the cageines tracing through Morel's
proof. Under the hypothesis thatoAl(G) is strongly A'-invariant, Theoreni_2.13 shows that the map
LyuROIBG — ROLL,BG is anAl-weak equivalence. In other words, there isf&hweak equiva-
lenceL,: G = RQLL 41 BG. The action ofa on P stemming from the fact tha® is aG-torsor thus yields
an action ofL,1(G) on L1 P. Applying L,: to the mapY¥ — BG makes this map into aA!-fibration,
and one identifie€ 41 P with the fiber of this morphism.

Some models of classifying spaces

The spacesBGL, and BSL, have, in addition to the simplicial models mentioned befgeometric
models. We use the construction from [MV981.2], sometimes called Totaro’s model for the classify-
ing space([Tot99, Remark 1.4]. W is the standard:.-dimensional representation 6fL,,, thenV can be
viewed as a representation §f.,, by restriction. For any integeN > 0, GL,, (or SL,) acts scheme-
theoretically freely on the open subscheiie ¢ Homy (kN V) whose points correspond to surjective
linear maps. The quotienty /G L,, exists as a smooth scheme and is precisely the Grassmagnjamq.
Likewise, the quotient/y/SL,, exists as a smooth scheme and is the total space®f,é&orsor over
Gry, . There are transition morphismé; — Vi that yield morphisms/y /GL,, — Vn41/GL, and
Vn/SLy = Vn41/SLy, and we seGr,, = colimy Vi /GL,. Likewise, setBy,,SL,, = colimy Vy/SL,,.

By definition B,,,,SL,, — G, is aGy,-torsor.

Proposition 3.7 ((MV99] §4 Propositions 2.3 and 2.6])The spaceolimy Vy is A'-contractible, and the
simplicial homotopy class of mags,,,SL, — BSL, (resp.Gr, — BGL,) classifying theSL,-torsor
colimy Vy — By SLy, (resp.colimy Vy — Gry) is anA'-weak equivalence.

The mapSL,, — PGL, is a uy-torsor. If n does not dividechar &, thenp,, is a finite étale group
scheme, and étale locally trivial,-torsors can be described By -homotopy classes of maps i (k).
Indeed, under the stated hypotheses on the charactegssienplicial classifying space for étale locally
trivial u,,-torsors, denotedeyu,,, is Obtained by pushing forward the classifying space ferétale sheaf
of groupsy.,, from the étale to the Nisnevich topology; see [MV98] for details of this construction. So
long asn is not divisible bychar k, the spaceBey., is A'-local by [MV99, §4 Proposition 3.1], and for any
smooth schemé& an adjunction argument shows (see [MV§8,Proposition 1.16]) that

[U> Bét,un]Al = Hét( U, ,“n) .

There are various geometric models #8gy.,, that areA'-weakly equivalent, but there is one that will be
particularly useful for us.

Consider the right action & L,, on PGL,, where the center,, C SL,, acts trivially. If ESL,, is anA'-
contractible space with fre€L,,-action (e.g., the spagelim,, Vy discussed above), we can consider the
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space PGL,, x ESL,)/SL, (here we take the Nisnevich sheaf quotient). The projectiap PG L,, — x*
gives rise to a morphism
(PGL, x ESL,)/SL, — BSL,.

The quotient homomorphisifiL,, — PGL,, gives rise to a morphism
(3.1) ESL, = (SL, x ESL,)/SL, — (PGL,, x ESL,)/SL,

that is by construction an étale locally trivial,-torsor. Therefore, we can pick a morphi§iRG L,, x
ESL,)/SL, — Bey, classifying this étale locally trivigk,-torsor.

Lemma 3.8. If char k does not divide:, any representative of the simplicial homotopy class ofsnap
(PGL,, x ESL,)/SL, — Ben,
classifying theu,-torsor of Morphism[3.1is an A'-weak equivalence.

Proof. The statement above is actually independent of the modél$¥,, chosen. The projection mor-
phismr : PGL, x ESL, — (PGL, x ESL,)/SL, is an epimorphism of Nisnevich sheaves, and thus
the mapé’(w) — (PGL, x ESL,)/SL, is a simplicial weak equivalence by [MV992 Lemma 1.15].
Now, by definitionC (r); & PGL,, x ESL, x SLX*!.

Let £'SL,, be another\!-contractible space with fregL,-action, and writer’ : PGL,, x E'SL, —
(PGL, x E'SL,)/SL, for the associated quotient morphism. Also#ét: PGL,, x ESL,, x E'SL,, —
(PGL,, x ESL,, x E'SL,)/SL, be the quotient morphism. Now the projectigns PGL,, x ESL,, x
E'SL, — PGL, x ESL, andp’ : PGL,, x ESL, x E'SL, — PGL, x E'SL, induce morphisms of
simplicial sheaves

C(r) +— C(x") — C(x').
Since bothESL, and E'SL, are A'-contractible by assumption, all of these morphisms anegse
Al-weak equivalences, and therefdré-weak equivalences by [MV982 Proposition 2.14].

Since we can pick the model ¢S L,,, let us use Totaro’s model from the proof of Lemma 8.10. I tha

case the result is precisely [MVO¥ Lemma 2.5]. O

SomeA!'-homotopy theory of BSL,,, BGL,

Corollary[2.6 implies that the classifying spad@§L,,, BGL, and BPGL, are allA'-connected. In fact,
the same proof shows that classifying spaces have a cahba®a-point. Likewise, we will always point
sheaves of groups by their identity section.

Lemma 3.9. The space5L,, is A'-connected, andBSL,, is A'-1-connected.

Proof. Thatw@l(SLn) = 1 is a consequence of the fact that for any fieldSL,, (L) is generated by ele-
mentary matrices and that'-connectedness can be checked on sections over finitelyajedeextensions
of the base field (see, e.d., [AM11, Proposition 2.2.7] f& skecond statement). Sinﬁél(SLn) =1,it
follows thatS L, -torsors give rise ta\!-fiber sequences by Theoréml3.5. Side€L,, is A'-contractible,
the second result follows from the first by considering Alefiber sequencéL,, — ESL, — BSL,. O

Functoriality of the classifying space construction agglto the determinant homomorphisii,, —
G,, and the inclusiorb L,, — GL,, give rise to a sequence of maps

BSL, — BGL,, — BG;

a key property of this sequence of maps is summarized in tlwviog result.



18 3 Projective bundles and otherA!-fiber sequences

Lemma 3.10. There is anA ! -fiber sequence of the forSL,, — BGL,, — BG,,.

Proof. The mapBy,,SL, — Gr, is a Gy,-torsor and is therefore classified by a map, — BG,.
Furthermore,G,,,-torsors areA'-covering spaces and in particular -fibrations, so it follows that the
Al-homotopy fiber ofB,,,,SL, — Gr, is preciselyG,,. Since BG,, is alreadyA!-local, the action
RO!L,1 BG,, on BSL, is precisely the action o, on L1 BSL,,. O

Proposition 3.11. The determinant induces an isomorphiﬁ‘q*l1 (BGL,) = G,,, and for everyi > 1, the
inclusion mapSL,, — GL, induces isomorphisms®' (BSL,) = 74" (BGLy,).

Proof. Consider the long exact sequencedifthomotopy groups stemming from tie -fiber sequence of
Lemmal3.ID. By[[MV9954 Proposition 3.8] we know that®' (BG,,) = G,, and7® (BG,,) = 0,
for i > 1 and thereforer®’ (BSL,) = w2' (BGL,) in this range. Likewise, since*' (BSL,) = 1 by
Lemmd3.9, the mag®' (BGL,) — 7' (BG,,) = G, is an isomorphism. O

Theorem 3.12([Morl12, Theorem 7.20]) Suppose: is an integer> 2. There are isomorphisms

1 KXW  ifn=2, and
Furthermore, for every integer > 0 the mapsr2., (BSL,) — =% (SL,) induced by the fiber sequence
SL, — ESL, — BSL, are isomorphisms.

Remark3.13 As we observed above, Theoréml3.5 implies $ha-torsors give rise té\!-fiber sequences.
In particular, there is aA!-fiber sequence of the form

SLn — SLn-H — SLn_H/SLn.

One canidentify5L,,. 1 /S L,, with the smooth affine quadric in®"*2 defined by the equatioE?:ﬁ1 Ty =
1. Itis then straightforward to check that projection ofitg, . . . , x,,) is a Zariski locally trivial smooth mor-
phism with affine space fibers, and therefore determines'aneak equivalenc&L,,,1/SL,, — A"\ 0.
The computations of Propositién 2122 show that it 3, the mapr®' (SL,) — 7' (SL,,1) is an iso-
morphism. On the other hand tié -weak equivalenc& L, — A2 \ 0 gives a description ok~ (SLy) by
Propositiof 2.22. Theoref 3]12 is really a statement ateutiorphismr’ (SLy) — 72" (SLs); we will
come back to this point later.

Remark3.14 The mapBGL, — BG,, identifiesBG.,,, with the first stage of thé.!-Postnikov tower for
BGL,,. Thus,BSL,, is theA'-simply connected cover d8GL,,.
Strong A'!-invariance of woAl (PGL,,)

We now prove thartr(gAl (PGL,) is stronglyA'-invariant, which by Theorein 3.5 implies thRt: L,,-torsors
yield A'-fiber sequences. To see this, we will simply comm@é(PGLn). We observed in Lemnia 3.8 that
the spacé PGL,, x ESL,)/SL, is a model forBey,, and that projection onto the second factor provided
a morphism( PGL,, x ESL,)/SL,, — BSL,.

Lemma 3.15. If char k does not divide:, there is anA!-fiber sequence of the form

SL, — PGL, — Bejin.
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Proof. Under the hypothesis, the mafay, — Bew, is €ven anA!-covering space (seg [Moril2, Lemma
7.5.2] for this result). Therefore, there existsAahfiber sequence

pn, — Eetptn, — Batpin.

Pick a fibrant model oBétp£ of Beyt, and choose an explicit mapG L, — Beyuy, representing the,, -
torsorSL,, — PGL,. By constructionSL,, is the pullback ofEétu£ — B'etufl along the mapPGL,, —
By, and thus this map is ak' -fibration. The fiber of this map ig,, and being already simplicially fibrant
andA!-local is theA!-homotopy fiber of the magL, — PGL,.

Since Bty is Al-local, it follows thatQ2! By, is alsoA!-local, and we can identify it with the space
1y (this is proven along the same lines as Corollary 2.8 usiaglibcussion at the top af [MV99, p. 131]).
The action oniBéWﬁ on SL, is precisely the (left or right) action of, C SL,. O

Lemma 3.16. If char k does not divide:, there is anA!-fiber sequence of the form
PGL, — Betjtn, — BSL,.

Proof. Sincen' (SL,) = 1, and the trivial group is strongly'-invariant, it follows from Theoreri 35
that SL,,-torsors give rise ta\!'-fiber sequences. Consider thé-fiber sequence given by the universal
SL,-torsorSL, — ESL, — BSL,,.

In Lemmd 3.8, we constructed art-weak equivalencéPGL,, x ESL,)/SL, — Bey,. Consider the
projection mapg PGL,, x ESL,,)/SL,, — ESL,/SL, = BSL,, and pullback the univers& L, -torsor
over BSL,, by means of an explicit representative of this morphism. fHsailt is still anSL,,-torsor and
therefore am\!-fiber sequence of the form

PGLy x ESLy, — (PGLy x ESLy)/SL, — BSL,

The middle term is alreadjt'-weakly equivalent td3sy.,, and projection mag’GL,, x ESL, — PGL,
is anA'-weak equivalence sincBSL,, is Al-contractible. The boundary mafl.,, =~ RQ.L,1 BSL, —
PGL, can be identified with the morphis§iL,, — PGL,,. O

Let #(1) be the Nisnevich sheaf associated with the presbeah HZ (U, p,,); this sheaf is pre-
cisely7r§1 (Be,) by the discussion prior to Lemmia 3]15. As an immediate caresee of the long exact
sequence in the homotopy groups of the fibration in Lernma, & the fact thaB.SL,, is A'-connected,
we deduce the following result.

Corollary 3.17. If char k does not dividen, the maprA' (PGL,) — A" (Beytn) = H(un) induced
by the classifying map fot.,,-torsor SL,, — PGL,, is an isomorphism. In particulam@l(PGLn) is a
strongly A'-invariant sheaf of groups.

Proof. The only statement that does not follow immediately from bemi3.16 is the fact thad} (1)
is strongly Al-invariant. In fact, this sheaf is a strictlx'-invariant Nisnevich sheaf with transfers; see
[MVWO06! Lemmas 9.23-24]. O

Remark3.18 If G is a split, semi-simple algebraic group, then Morel has etrmhatfr@l((}) is strongly
Al-invariant [Mor11, Theorem A.2]. Our proof is a slightly neogeometric and explicit version of his
proof.
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Al-fiber sequences of associated bundles

Suppose is a Nisnevich sheaf of groups atfdis a space with a lef;-action. Given a spac&” and a
(right) G-torsorP — X, we can form the contracted product

P x%F.=Px F/G,

where the quotient is taken in the category of spaces; a sffabe formP x© F is called an associated
fiber bundle.
If G — P — X is anA!-fiber sequence, then we can consider the associated seqofemorphisms

F—Px°F—X.

An action of G on F gives a homomorphism% — Aut(F). Now, by assumption, there is an action of
QX on G, and by composition we obtain a megX x G — G — Aut(F). Define an actiof2! X on F
as the composite

QX x F — Aut(F) x F — F.

If we know thatF is the A'-homotopy fiber ofP x& F — X, then it follows that this sequence is also an
A'-fiber sequence. This can actually be checked in a numbetuattisins of interest, as was demonstrated
by Morel and Wendt.

Suppos€ X, z) is a connected and pointed smooth scheme,éand X is a rankn + 1 vector bundle
on X with zero section : X — £. We write&° for the space \ ¢(X). The induced morphisté® — X is
a Zariski locally trivial smooth morphism with fibers isompbiic to punctured affine spaces. Fix base-points
in A"*1\ 0 andP" making the usual map™*! \ 0 — P" into a pointed map. The usual fiber &f (resp.
P(£)) atx is A1\ 0 (resp.P™) and we use the image of the chosen base-poiét iftesp.P(£)) to obtain
a base-point of the latter space. From these constructimsptainA!-fiber sequences.

Proposition 3.19([Wen11, Propositions 5.2 and 6.2Jpuppos€ X, =) is a pointed smooth scheme afid
is a rank(n + 1)-vector bundle oveX. The sequences of pointed spaces

A"\ 0 — £° — X, and
P" — P(€) — X,

(induced by the projections and inclusions discussed glares\ ' -fiber sequences.

Remark3.2Q The proof of this result relies on the auxiliary fact th%Sz‘ng*Al(G) is Al-local for G =
SLy,,GLy,or PGLy,; this fact is established in [Morl1, Theorem 1.5]. See [Weérilheorem 5.3] for a
more detailed version of the proof presented by Morel.

The existence of this fiber sequence, together with the feattdt"*! \ 0 andP” are A'-connected (in
the former case, one needs to assume 1) has the following consequence, which we use without mantio
in the sequel.

Corollary 3.21. If £ is a vector bundle of rank > 2 on anA!-connected smooth schene then bothe®
andP(€) are A'-connected.

The vector bundle&€ over X of the statement determines a simplicial homotopy class agsX —
BGL, . Ifwe assumeX is A'-connected, we can assume that this map is pointed. In teaf €arollary
[2.8 shows that the mai — BGL, 1 is equivalent to a simplicial homotopy class of maps

ROL, X — GL,41,
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and this morphism coincides with the connecting homomaerptor theA!-fiber sequence of th€'L,, . ;-
torsor defined by. Here, we have used the fact th@i,, 1, being a space of simplicial dimensionis
automatically simplicially fibrant.

Similarly, the (Zariski and hence Nisnevich locally tri§ia?G L,,, 1-torsor underlying the associated
projective bundle is then induced by a simplicial homotojass of mapsX — BPGL£+1; by adjunction
this map corresponds to a simplicial homotopy class of nRf3$X — PGL,, ;. This discussion allows
us to give a description of the connecting homomorphiésfrom Equation Z.11: up ta\'-homotopy, the
connecting map in tha!-fiber sequence of Propositibn 3119 is induced by the cortgasap

RO!X — GL,.1 — PGL, 1 — PGL, /P =P".

Corollary 3.22. Suppos€ X, z) is a pointed smooth scheme afids a rankn + 1 vector bundle oveiX,
there is a long exact sequenceAn-homotopy groups of the form

ek (X x) 5w () — w (B(E) (X z)
Furthermore, ifP(£) admits anA!-homotopy section (seefinition[3.2 then the morphisnfr;.*1 (P(E)) —
A (X) is split.
Proof. For the long exact sequence, simply combine Lernma 2.10 aubBition 3.1P.

If f: X' — X isanA'-weak equivalence of smooth schemes, it follows from pnogss of the\!-local
model structure that the induced morphi&fy*£) — P(€) is again anA!-weak equivalence. Thus, up to
Al-weak equivalence, we can replace the fiber sequence iretieersint by the corresponding fiber sequence
on any X' that is A'-weakly equivalent taX. In particular, ifP(£) admits anA!-homotopy section, this
gives a morphismX — P(&) in the A'-homotopy category, which provides the required splittighe
level of homotopy sheaves. O

4  Splitting behavior of bundles andA!-homotopy groups

In this section, we study th&'-homotopy groups of projectivizations of vector bundlesamalyzing the
connecting homomorphism and splitting behavior of thechtta long exact sequence At -homotopy
groups of Corollary_3.22. We begin by recalling a topologmaalog of the problem under consideration,
which is the study of homotopy groups of the projectivizataf a real ranks (n > 2) vector bundle on a
smooth (not necessarily orientable) connected manifoldoultline, our analysis of the connecting homo-
morphism proceeds in analogy with the topological situgtibough there are a number of interesting differ-
ences stemming from dissimilarities between the classicalotopy theory oRP™ and theA'-homotopy
theory of P*. In a sense, these dissimilarities stem from the fact tre\thalgebraic topology encodes
information about the complex points as well. From the pointiew of the A'-fundamental group, the
most interesting case is that of rakbundles: the fundamental groupRP! = S! is free abelian, but the
Al-fundamental group dP', while still a free sheaf of groups (see Notation 2.27), isaimlian. Further-
more, while the higher homotopy groups 8t are trivial, the higher\!-homotopy groups oP! are not,
and this leads to potential higher obstructions to spijt{iwe discuss this last point at the very end of the
section).

We show that in the case of split vector bundles, the highfehomotopy groups decompose as direct
sums (Proposition 4.4). We then investigate the case ofewsgsarily split bundles: the analysis is different
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depending on whether the rank of the bundle is equ& & > 3. The second case is easier: thé
fundamental group of the projectivization of a vector berafirank> 3 on anA'-connected smooth scheme
decomposes as a product in a number of cases; see Thieotean mére details. For projectivizations of
bundles of rank2, we introduce a (twisted) Euler class in Definition]4.8. Inwuander of situations, our
Euler class turns out to control the connecting homomorphis the long exact sequence of Corollary
[3.22 and existence of at'-homotopy section up to the first stage of the-Postnikov tower; these results
are contained in Theorem 4116. Finally, Lemima %.26 contsimse weaker statements about highér
homotopy groups of projective bundles.

Interlude: topological motivation

Supposey — M is a rankn real vector bundle on a closed connected manifdldForming the projective
space of lines inE gives anRP"!-bundle over)M denotedP(E). There is an associated long exact
sequence in homotopy groups of a fibration

v i (M) — mRPVY — m(P(E)) — (M) — mi_ (RP"Y) — -

The structure of the group;(RP"~!) (i > 0) depends om. If n = 2, thenRP"~! = S, In that
case,r;(S1) is non-vanishing only foi = 1, and the mapra (M) — 71(S*) = Z is induced by the map
M — BO(2) by evaluation onry. If n. > 2, then the canonical mag*~! — RP" ! is a covering space and
gives identificationsr; (RP" ') = Z/2 and;(S"') = m;(RP"!) for i > 1. In particular,7;(RP" 1)
vanishes in the range< i < n — 1.

We focus on the case where = 2. If M — M is the universal cover o/, the composite map
M — M — BO(2) induces the same map upon applying the fungtoas the original map/ — BO(2).
SinceM is 1-connected, one knows thHiom (o (M), Z) = H?(M,7Z) by the Hurewicz theorem and the
universal coefficient theorem. The element in the latteugrdetermined by the majpl — BO(2) is the
Euler class of the bundl@/ — BO(2). Thus, the connecting homomorphism is trivial if and onlytié
pullback of E to M has trivial Euler class. Equivalently, this Euler class benviewed as a “twisted”
Euler class onV/. Indeed,E determines an orientation charactef : 7 (M) — 71 (BO(2)) = Z/2 and a
corresponding local systeH{w ], and the Euler class above can be viewed as an elemeém(afl, Z[wg)).

If the pullback ofF to M has trivial Euler class, we deduce that there are isomarphis(P(E)) = m;(M)
fori > 1, andm (P(E)) is an extension ofr; (M) by Z. Non-triviality of the Euler class of is an ob-
struction to existence of a nowhere vanishing section. Notany expositions of this fact restrict to the
oriented situation (see, e.d., [MS74, Property 9.7 and fiémed.2.5]), but everything works if we use the
orientation local system described in the previous pagdgradriviality of the Euler class together with an
obstruction theory argument provides a splitting of the ma{®(F~)) — =1 (M). The group structure on
m1(P(E)) is therefore specified by a homomorphism(M) — Aut(Z) = Z/2, induced by conjugation
via the splitting.

The conjugation action just specified has a geometric arigire classifying map of the vector bundle
E gives a maf2' M — O(2) and each elementof O(2) gives a maps® — S' that does not necessarily
preserve the base-point, but each such map gives a morphissh) — m1(S!), and the automorphism of
71(S1) so-defined only depends on the classitiO(2)) of the elemeny, which is precisely the value of
det g. In other words, the homomorphism (M) — Z/2 can be identified witlw .
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Determinants and orientation characters

We now show how to associate with any algebraic vector buadlanalog of the topological orientation
character. SupposeX, z) is a pointedA '-connected smooth scheme afis a rank(n + 1) vector bundle
over X classified by a pointed simplicial homotopy class of maps— BGL, 1. This morphism gives
rise to a simplicial homotopy class of maps — L1 BGL, 1. By functoriality of the Postnikov tower,
such a morphism induces a mag?) — (BGL,,1)"). By means of the fiber sequence of Lenima B.10,
we know thatt BGL,, 1)V = BG,,, and the maBGL, ., — BG,, is induced by the determinant. Now,
the composite max — BG,, is by Theoreni 2.18 and Proposition 2.20 equivalent to thedmanphism
74 (X) - G,, obtained by evaluation om®" (we use this observation repeatedly in what follows). Is thi
way, given a vector bundl&, we obtain a homomorphism

we ﬂfl(X) — Gy,
which we call theA!-orientation character associated with An explicit cocycle computation using an
open cover ofX on which the bundl& trivializes gives the following result.

Lemma 4.1. Under the isomorphisiPic(X) = Hom(w' (X), G,,,) of Propositio 2Z.2pthe A !-orientation
characterwe corresponds talet £.

Since thePG L, 1-torsor associated with the vector bundlés Zariski locally trivial, we have a clas-
sifying mapX — BPGL,; associated with the projective bundte€). By construction, this morphism
factors asX — BGLy,11 — BPGL,. Corollary[3.17 identifiesr) (PGLy11) = Hi(pn+1). Since
78 (PGL,) is stronglyA'-invariant, we can also identifg®' (BPGL,+1) = HL(1in11) by means of
Theoreni3b and the long exact sequenca irnomotopy sheaves of a fibration. Therefore, given a vector
bundle&, the projectivization determines a homomorphism

1
wee) : w1 (X) = Haylpins1)-
The next result identifies this homomorphism.

Proposition 4.2. If (X,z) is a pointedA!-connected smooth scheme, afids a rank (n + 1)-vector
bundle onX, the mapwps) associated withP(€) (as described above) is equivalent to the element of
Pic(X)/(n + 1) Pic(X) obtained by reducindet(€) modulon + 1.

Proof. By means of Theoref 2,18, a homomomorphism as in the statgjives a class it (X, Hi(1tnt1));
this group is canonically identified withic(X)/(n + 1) Pic(X). By assumption, the map?' (X, z) —
7' (BPGLy,) factors throughr®' (BGL,). Above, we identified the homomorphisaf' (X, z) —
G,, asdet £. The homomorphisngx,,, — ’Hét(unﬂ) of A'-fundamental sheaves of groups induces a map
Pic(X) — Pic(X)/(n + 1) Pic(X) that we claim is precisely reduction modutot 1.

One way to see this is to observe tliak,,, ; can be identified as &,,,-torsor overPGL, 1. Thus,
there is am\!-fiber sequence of the form

G — GLyy1 — PGLy1.

The associated long exact sequence\frRhomotopy sheaves (até“) then yields an exact sequence of
(Nisnevich sheaves of groups) of the form

G — G — Hilpns1).
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The first map is the composite of the inclusion of the cefi#gr — G L, followed by the projection map
78" (GL,) — G,,, which sends a matrix to its determinant, and the composie sends € G, to "1,
Therefore, the homomorphis@,,, — H}(11n+1) can be identified with the connecting homomorphism
in the Kummer exact sequence. The induced map on cohomdqugcisely the map induced by reducing
modulon + 1. O

Split vector bundles

We begin by rephrasing the condition that a vector bundle sshame splits as a direct sum of line bundles.
To this end, ifl" C GL,+1 is a maximal torus o€z L, there is an induced morphis®7 — BGL,+1
(we implicitly assume that the models chosen are fibrantgntbcal below). Given a spac& we will refer

to simplicial homotopy classes of maps— BG L, as rank(n + 1)-vector bundles ork’. We will say
that a vector bundle of ranke + 1) on X" splits as a sum of line bundlésgiven the map¥ — BGL,,+1,
then we can find a maximal tord8 C GL,+; and aX — BT making the obvious triangle commute.
When X is a smooth scheme, these notions correspond preciselysterme of a splitting as a direct sum
of line bundles in the usual sense.

Definition 4.3. If £ is a rank(n + 1)-vector bundle onX, we will say that€ is A'-homotopy spliif we
can find a spac&’ and a morphism of spaces: X — X that is anA!-weak equivalence, such that the
composite mapt’ — X — BGL,+1 (we write f*& for this composite) splits as a sum of line bundles.

LetT be a maximal torus i6’L,, .1, and letG,,, C GL, .1 be the inclusion of the center. The composite
mapT — GLy+1 — PGL,4; identifiesT/G,, with a maximal torus oPG L, 1.

Proposition 4.4. If X is an A'-connected smooth scheme over a fieldind £ is an A'-homotopy split
rankn + 1 vector bundle onX, then the connecting homomorphisrﬁil(X) — w;.*l (P™) in the long exact
sequence oforollary[3.22is the trivial map for; > 1. Thus, for every integer > 1 there are split short
exact sequences of the form

1— 7b (P — 7b (P(£)) — 7b (X) = L.
If furthermorek is perfect, fori > 2, nfl (P(€)) is a direct sum.

Proof. Since& is A'-homotopy split, we can find a spaééand a morphisny : X — X such thatf*&
splits as a sum of line bundles. In more detail, there existaimal torusT” ¢ GL,.1 and a lift of the
classifying map¥ — BG L, through a morphisn — BT

The morphismRQLX — P" inducing the connecting homomorphism comes from the ¢iasgimap
X — BGL, 1 by applying the simplicial loops functor. If the morphisth— BGL,, 1 liftsto X — BT,
then the map displayed above factors through a morplité®x — 7" — PGL, .. Therefore, applying
wfl, we see that the connecting homomorphism factors as

A RQLY) — 72 (T) — 72 (PGLp4).

SincevriA1 (T) is trivial for ¢ > 0, the connecting homomorphisms are trivial in this rangé,tae long exact
sequence in homotopy sheaves splits into short exact seggien

To obtain the splitting, we proceed as follows. An inversehafA'-weak equivalence’ — X com-
posed with the magx’ — BT determines a collection of line bundles ah The projective bundle o/’
corresponding to this direct sum of line bundles is pulledktfaom the projectivization of the sum of line
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bundles onX. By properness of th&'-local model structure, one can check that the two projediivndles
in the previous sentence aké-weakly equivalent. Now, the projectivization of a direatrsof line bundles
on X admits a section, which can be used to split the long exackesegs.

For the final statement, observe that for any pointed sp3cg), the sheavesr;*l (Y, y) are strictly
Al-invariant ifi > 2 (this is the only place where the assumption thé perfect is used). The category of
strictly Al-invariant sheaves is abelian by [Mor05, Lemma 6.2.13], thed-esult follows from the splitting
lemma. O

Al-fundamental groups of P*-bundles,n > 2

We now formulate hypotheses under which the connecting humnghism=4' (X) — &' (P") from
Corollary[3:22 is trivial. The analysis breaks into two partaised on the structure of thé-fundamental
group ofP": we deal withn > 2 first, and later withm = 1, which is more interesting.

Lemma 4.5. Suppose: > 2 is an integer,X is an A'-connected smooth scheme, ahis a rankn + 1
vector bundle onX. The connecting homomorphised' (X) — 7' (P") in Corollary(3.22is trivial.

Proof. The connecting homomorphism in the long exact sequencelisad by the composite
ROIX — GL,y1 — A"\ 0 — P,

since the mag7 L, — P" can be factored({L,, ,-equivariantly) throughA"*! \ 0. Applying 72 to
this sequence, we see that the connecting homomorphismsfatb‘roughn-‘l*1 (A"T1\ 0), which is trivial if
n > 1. O

Theorem 4.6. Letn > 2 be an integer, and lef be a rankn + 1 vector bundle on ai.!-connected smooth
schemeX. If either i) theA!-fundamental group ok is a splitk-torus, or i) P(£) admits anA'-homotopy
section, then there is an identification

T (P(E)) 2 Gy x mh (X).

Proof. By Lemma4.5b, the connecting homomorphisr (X) — 7' (P") is trivial. Assumer®' (X) =
T, whereT is a splitk-torus. The extension

1— G — 7 (PE) — T —1

is a (Nisnevich locally trivial)G.,,-torsor overT. SinceT is split, and we know thati}. (T, G,,) =
Pic(T) = 0, it follows that the extension is trivial.

If P(£) admits anA'-homotopy section, then the short exact sequence in quaeistisplit. Split ex-
tensions ofr' (X) by G,, are classified by morphisms’' (X) — Aut(G,,). We claim that all such
extensions are trivial. We have an isomorphism of she#as(G,,) = Z/2, andZ/2 is strongly A!-
invariant (if the characteristic of the base field is unegoat) by [MV99, §Proposition 3.5]. Sincé./2
is strongly Al-invariant, evaluating a pointed homotopy class of maps+ BZ/2 on w‘l*l determines a
morphism

(X, 2),(BZ/2, )|, — Hom i (7 (X),Z/2).

Gry'
and sinceZ/2 is abelian, we get an identificatid0X, =), (BZ/2, *)|a1 — [X, BZ/2] 1. However, sinceX
is A'-connected, any Nisnevich locally triviZl/2-torsor is in fact trivial by[[AM11, Proposition 4.1.1].00
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Example4.7. Condition (i) of the theorem is satisfied f&f = P™, n > 2 and also for many smooth toric
varieties by[[AD09, Theorem 6.4]. Every vector bundlefdris a direct sum of line bundles (Grothendieck’s
theorem[[OSS80, Theorem 2.1.1]), and thus the projectivizaf any vector bundle o' admits a section
(and not just an\'-homotopy section). In other words, condition (i) is skiid for any vector bundle on
X =P

Euler classes: the construction

We observed in Remafk 3114 that thé-simply connected cover dBGL,, ., is preciselyBSL, ;. By
means of functoriality of theé\!-Postnikov tower, the morphist¥ — BGL,, . gives rise to a morphism
of Al-fiber sequences:

X X Brh! (X)

]

BSLn+1 e BGLn+1 BGm,

SinceBS Ly, is A'-simply connected by Propositién 311, the second stageeaft-Postnikov tower for
the mapX — BSL,1 gives a map

X = K(w (BSLn41),2),

and this morphism intertwines th:s{*1 (X)-action onX (see Remark2.16) with th@,,-action onn-‘%1 (BGLp+1) =
7r§1 (BSLy,+1) (via Propositiori 3.111). As we now explain, this action akous to produce a certain equiv-
ariant cohomology class, which we will see can be viewed dass onX itself.

For simplicity, we setr := w%l (X). We let Bm be the simplicial classifying space afand Ex an
Al-contractible space with freg-action (if # — = is the structure map, we can takar to be theCech
simplicial object associated with this epimorphism). Ntwere is a diagonat-action onX x Ew, and we
set

X :=(X x Ew) /.

Analogously, using théx,,,-action on7r§1 (BSL,+1)we described above, we can form the twisted Eilenberg-
MacLane space

K, (74 (BSLpt1),2) = (K (x4 (BSLyps1),2) x EGyp) /G,

Since the construction of the previous paragraph integwithes-action onX and theG,,-action on
7" (BSL, 1) the morphismX — K (w4' (BSL,+1),2) yields a morphism

Xx — Kag,, (75 (BSLpy1),2).

There is a canonical morphisti, — X defined by “projection onto the first factor.” {f' is the Cech
simplicial object associated with the projectiéh x Ewx — X, then it follows that the induced map
C — X, is a simplicial weak equivalence. On the other hafids termwise weak equivalent t&§ and
therefore weakly equivalent t&. Thus, the class in question can be viewed ag\&momotopy class of
maps

X — Kg,, (75 (BSLn11),2).

This class admits a description as a sheaf cohomology cfa&s o
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We can take the sheaf of sections of the projection morph%mﬂAl(X) w%l(BSLnH) to obtain
1

a sheafw%l(BSLnH)(det(E)) on X. Just like in [Morl2,6B.3 (see p. 251)], we can view the new
map as an element of the grol. (X, 75 (BSL,.1)(det(€))). In particular, note that the class in
HE (X, 75" (BSLyy1)(det(€))) vanishes if and only if the class iHZ, (X, w4 (BSLy.1)) vanishes.
Using the computations of Propositibn 3.11 for an explieisctiption ofWQAl(BSLnH), we can make the
following definition.

Definition 4.8. If X is anA!-connected smooth scheme, ahis a rank 2 (respn + 1) vector bundle on
X, theEuler class denotect(&), is the element il 2, (X, KXW (det(£))) (resp. HZ, (X, K (det(£))))
described above.

Remarlk4.9. The construction we have given, with evident changes intiootadefines an Euler class for any
vector bundle over aA'-connected space (not necessarily just a scheme). By fialitioof the universal
covering space construction, this construction is funakevith respect to pullbacks of vector bundles along
morphisms ofA!-connected spaces.

Example4.1Q Take the model o3G L, coming from Totaro’s construction; this is @rt-connected space.
Applying the construction above to the universal rankector bundle) on BG L, gives rise to a universal
Euler class inH%,,(BG Ly, K}V (det V)). Suppose is a rank2 vector bundle on a smooth schenye
classified by a morphistX — BGLJ. The homomorphism2' (X) — G, induced by applyingr' (-) to
the classifying homomorphism of the vector bundle is pedgithe determinant of by Lemmé& 4.1L.. There
is an induced pullback homomorphism

H% (BGLy, KY'™W(det V) — HE (X, K3V (det £)).

By construction, the Euler class of Definitibn 4.8 is the imamder this pullback homomorphism of the
universal Euler class.

Remarkd.11 If k is an infinite perfect field of characteristic unequatfthe groupH 2. (X, KXW (det(€)))

can be identified with theet(&)-twisted Chow-Witt groupgC H 2(X ,det(€)) (see[BMOO, Définition 1.2]
and [Fas08, Définition 10.4.6]), but we will not prove or ubes here. The stated definition of the Euler
class is equivalent to other definitions that appear in teeadiure (e.g./[Morl2, Theorem 8.14] or [Fas08,
Définition 13.2.1]). This can be checked in the universak¢é®dut we do not give a detailed verification here
since it is not necessary in the sequel.

Remarkd.12 The situation in rank> 3 is different from rank. Indeed, the action d&,,, on Ké” is given

by a homomorphisnG,,, — Aut(K2?). We know thatEnd (K3, K2) = K} = Z, and the subsheaf

of automorphisms corresponds+d = u». Therefore, if the base field has characteristic unequa) the
action is given by a homomorphis,,, — uo. On the other hand, this homomorphism can be interpreted
as a Nisnevich locally trivialio-torsor onBG Lo and is therefore trivial by [AM11, Proposition 4.1.1]. In
other words, the twist is triviahdependenbf £. This is a manifestation of the fact that the shigY is
orientable, in the sense that the Hopf megucts trivially (we will not make this precise here, but seef®¥,
Definition 6.2.5] or[Dég11, Definition 1.2.7] for a discims in the setting of stablé'-homotopy).

We state the following lemma for completeness.

Lemma 4.13. If X is an A'-connected smooth scheme, &hés a split vector bundle oX, thene(&) is
trivial.
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Proof. Under the hypothesis, the map — BG L+ lifts through a mapX' — BT If T =TNSLyq,
then the mapX — BSL, . lifts through a morphismX — BT". By Propositiori 2.20, there is a bijection

[X,BT"],1 = Hom (71'11%1 (X),T).

gry.
However, sinceX is Al-simply connected the resulting map must be trivial. Thenefthe defining map of
the Euler class factors through An-homotopically trivial map, and the Euler class must itbeltrivial. [

Euler classes and the connecting homomorphism

Lemma 4.14. SupposeX is an A'-connected smooth scheme. Edbe a rank2 vector bundle onX and
let P(€) be the associated projective space bundle. The conneatimpimorphismrs’ (X) — 2" (P!) is
trivial if and only if e(€) is trivial.

Proof. As we discussed at the beginning of the section, the comgebttmomorphisnd : RQLL,1 X —
P" is induced by a maRQ! L, X — GL, . that comes from the classifying map of the bundle by looping.
We proceed in a fashion analogous to the proof of Lemimia 4.X i the A'-universal cover ofX, then
the morphisrmﬁl(f() — 7r§1(X) is an isomorphism. Moreover, since the projective bundiguiastion is
the projectivization of a vector bundle, the connecting borarphism lifts through a morphism‘%1 (X)—
4 (A2\ 0) = K)'W. Combining these two observations, we see that the comgeatimomorphism under
consideration is trivial if and only if the induced morphisr}’ (X) — KW is trivial.

Now, sinceX is A'-simply connected, the canonical map

Hiso (X KYY) = (X K(KYY, 2)]0 — Hom o (mf (X), KY™)

induced by evaluation on§1(-) is a bijection by[[ADO9, Theorem 3.30]. Tracing through oanstruction
of the Euler class, we see that the clas#fif, (X, K" so obtained, which is necessarily equivariant for
the action ofr2' (X) on X and an induced action dd}"V, descends to the Euler class. O

Remark4.15 In Remark 4.1P, we observed that the twist is irrelevanti€ > 3. Therefore, assume
the projective bundle we considered above is the projeetiin of a fixed rank vector bundlef. If

L is a line bundle, then the projectivization 6f® L is isomorphic to that of. While the connecting
homomorphisms in the long exact sequences irnomotopy groups associated with each of these vector
bundles are the same, the lifts we choose in the course ofdloé gf the lemma will differ by the morphism
RO X — G, obtained by applying simplicial loops to the map — BG,, classifying the line bundle

L. As a consequence, to make a statement about the connecotimgnorphism that is independent of the
choice of a vector bundle “lift,” one must assert that theeEglasses of alf ® L are all trivial. Since the
line bundledet (€ ® £) is isomorphic talet(£) ® L2, these Euler classes live in what appear to be different
groups. However, it is known that when the twists differ bg Hyuare of a line bundle, the twisted groups
in which the Euler classes lie are canonically isomorphigs(is a manifestation of the quadratic nature of
orientation, which is well-known in the theory of Chow-Wiftoups [Fas08]; see also [Moi12, Definition
4.3] and the subsequent discussion for related discussion)

Al-fundamental groups of P'-bundles: trivial Euler class

In this section, we describe the' -fundamental group of B!-bundle with trivial Euler class in a number of
situations. We refer the reader to Morel's computationﬁ%)]f(IPl) from [Morl2,§7.3] for context.
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Theorem 4.16. Let £ be a rank2 vector bundle on am!-connected smooth schemfe Assume:(€) is
trivial and either i)7r11*1 (X) is a split torus, or ii)P(£) admits anA'-homotopy section (again s&efinition
[3.2). The short exact sequence

1—Fu(l) — 7 (PE) — w2 (X) — 1.

is split, and the group structure on the term in the middleasipletely determined by the classdef(€) in
Pic(X)/2Pic(X).

Proof. First, let us show that i(&) is trivial, then under assumption (i) the extension is gftie extension
is clearly split in case (ii)). We analyze the extension i stages corresponding to the fact that (1) is
an extension of3,,, by K}V, By assumptionr®’ (X) is a split torus, call ifl". Observe thak}™W is a
normal subgroup sheaf mf‘l*l (P(€)) and taking the quotient we get a short exact sequence of tire fo

1 — Gy — 7 (PE)/KYWY — T — 1.

Since the Picard group of a split torus is trivial, it followsat this extension is split. The analysis of the
group structure is now the same as in Theorem 4.6: the grougtste is determined by a homomorphism
T — Aut(G,,) = Z/2, which is trivial sinceX is A'-connected. As a consequence, we obtain an
isomorphismr’ (P(£))/KYW 5 T x Gp,.

Next, consider the short exact sequence

11— KW — w?l(]P’(é’)) — T x Gy, — L

The action ofT" x G,, on K}V is induced by a morphisr,,, — Aut(K3™W) and a morphismi” —
Aut(KYW). The morphismG,, — Aut(K}""W) induces the group structure @y (1), and thus this
sequence is not split. However, since we already understenaction ofG.,,, on K3, we will pass to an
A'-connected\!'-covering space so as to only consider the actidfi.ofo do this, let : X — £ is the zero
section of€, and consider thé&,,,-torsor ovelP(£) corresponding t&¢° = £\ i(X). Studying thel-action
on KW corresponds to studying long exact sequenag'iihomotopy groups associated with thé-fiber
sequenceé\? \ 0 — £° — X of Propositiori 3.19. In other words, we reduce to consiggtfie 7-action on
the A? \ 0-bundle from which thé!-bundle is derived.

Now, we want to use the assertion that the Euler class iskrisince the Euler class is constructed
equivariantly, letf : X — X be theA!-universal covering map: by assumptidhis a 7-torsor overX
and thus a smooth scheme. The composite morptism X — BGL, factors through the\!-simply-
connected cover aBG L, (again, see Remaftk 3]14), which we identified witl¥ L,. Thus, one obtains
a mapX — BSL, that isT-equivariant for a morphisrii’ — G,,, = w%l(BGLQ); this homomorphism
corresponds to the line bundliet(£) by Lemmd 4.1.

Let £°| ; denote the pullback of° under theA!-universal covering map. The may|; — X is
again anA!-fiber sequence by Propositibn 3119 and we can try to liftglthiis map. To this end, identify

XM =5 = So\gg), and consider the lifting problem
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coming from the first stage of th&'-Postnikov tower of£°| ;. we would like to know that the dashed
arrow exists. Looking at the long exact sequencé ifhomotopy sheaves of the!-fibration £°| 5 = X,
triviality of the Euler class allows us to conclude that tbemecting homomorphisaas’' (X) — w2 (A2\0)
is trivial. As a consequences} (£°|¢) = w4 (A2 \ 0) or, equivalently, there is an identificatitﬂﬂ%) =
B(KY™). i
Using the Euler class, we can even fix a splitting. Indeed,Bhuler class comes from a map —
K(ﬂ"%l(BSLg)) that intertwines thel-action onX with the G,,-action onw%l(BSLQ). The induced
homomorphism thus give a choice of splitting of the sequence

1— KYW s mblE) 17— 1.

Even more, the construction gives a splitting that factershe compositd’ — G,,, — Aut(K}"W),
where the first morphism is the orientation character (dasmt withdet £) and the second morphism is
the standarda,,-action onAut(K") coming from the action ofr®' (BGLsy) on 7' (BG L) with
orientation character corresponding to the universal leuasl i 4.10D.

Suppose the short exact sequence of the statement is splivyomorphismrs’ (X) — 74" (P(£)),
and consider the induced conjugation actiom-@f (X)) on the fiber; this action determines a homomorphism

(X)) — Aut(F (1))

that completely determines the group structure. Usingphigisg, this conjugation action is defined in the
same fashion as in topology.

Unwinding the definitions, we see that the conjugation actias geometric origin: we claim that it
comes from the morphisilRQ. X — PGL, defining the connecting homomorphism. Recall that the
sequence of maps

ROIX — ROLX x P! — PGL, x P — PL.

Adjunction gives a morphism fronRQ. X to the space of self-maps &', and this morphism factors
through PG L,. Of course, the action aPG L, on P! moves base-points in the fiber. Thus, the splitting
shows that the morphism of shea\na:%1 (X) — Aut(F,:1(1)) factors through a morphism of sheaves

78" (PGLy) — Aut(Fyi(1))

corresponding to the change of base-point.

This homomorphism is non-trivial since any element comimmgnf the inclusion of the maximal torus
G,, C PGL, fixes the base-point i' and [Mor12, Theorem 7.35] shows that such homomorphisms can
have non-trivial “Brouwer degree.” Combining these twoervations, we get a map

(X)) = Aut(F (1)),

that is completely determined by a homomorphisth (X) — A" (PGLs). Tracing through the def-
initions and using Propositidn_4.2, we see that the grougcktre on our projective bundle is uniquely
determined by the class dtt £ in Pic(X)/2 Pic(X). O

Remarkd.17. By Lemmd2.3D, we know thakut(F 4. (1)) is a sheaf of abelian groups. As a consequence,
any morphismn-f%1 (X) — Aut(F4:1(1)) factors through the firsh!-homology sheaf ofX. Using this
observation, one can circumvent the discussion of bas#sai the proposition. Furthermore, there is
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another way to interpret the factorization throupf},(u2) described above. Multiplication determines a
morphism of sheaveK)}"W — Aut(K3™W). On the other hand<)™" is a quotient of the free strictlg -
invariant sheaf of groups on the shé#f(u2) = G,,/G,*?. Theoreni4.16 thus asserts that e (X)
acts on the\!'-fundamental group dP! through the induced action on ti€ -fundamental group of? \ 0.

Example4.18 The hypotheses of the Proposition are satisfied¥or= P", n > 3 and this gives part of
Theoren P from the introduction. As a consequence, in thie,dhe obstruction to Hartshorne’s conjecture
stemming from the\'-fundamental group is trivial.

Example4.19 Again by Grothendieck’s theorem [OS$80, Theorem 2.1.1¢0fén{ 4.16 applies as well to
projectivizations of rank vector bundles oveP', in which case we recover [AM11, Proposition 5.3.1].

Non-trivial Euler classes: an example

Analogous to the topological situation, the Euler claswioles an obstruction to splitting. For bundles that
do not split, the Euler class discussed above really can béarivial. The next example is closely related to
Remark 3.1B.

Example4.20 Let Fl3 be the variety of complete flags in3adimensionalk-vector space. After fixing a
flag, this space can be identified with the homogeneous spageB, whereB C SLs is a Borel subgroup.
Propositiori 2.20 demonstrates the existence of a short sggaence of the form

1 — w2 (SLsy) — 72" (SL3/B) — T — 1.

Furthermore, we know that®' (SL3) = K} (and notK}™) by Theoreni3.12. By forgetting either the
or 2-dimensional subspace in a flag, we see 8/ B fibers overP? with fibers isomorphic t®'. Indeed,
the morphismSLs/B — P? is the projectivization of a tautological rarkvector bundle oveP? (either
the 2-dimensional subspace &f or the 2-dimensional quotient depending on which projective spaee
choose), which is also indecomposable.

We know thatP? = SL3/P, whereP is a parabolic subgroup ¢fLs. If L is a Levi factor ofP, then
the induced map' Ls/L — SLs/P by choice of a Levi splitting is Zariski locally trivial withffine space
fibers. Similarly, one deduces that the m#ps /T — SL3/B is anA'-weak equivalence. An inclusion of
T in L the determines a morphissiL3 /7 — SLs/L that coincides, up té\!-homotopy, with the above
projective bundle. Passing to'-connected\!-covers one obtains a commutative diagram of the form

SLs SLs/T

| |

SL3/SLy —> SL3/SLs.

The Euler class of thé' L,-bundle on the left is non-trivial(see [Mor12, Remark 7.98]JAF12b, Lemma
3.1]). Moreover, one can show that this Euler class induwesttvisted) Euler class for the above projective
bundle, which is therefore also non-trivial.

Examples

Combining Theorenis 4.6, 4116, and Exaniplé 4.7 we can givenglede computation of thé!-fundamental
group of a scroll (for brevity, we do not include the compistas of Examplé 4.19, which are already dis-
cussed in[[AM11, Proposition 5.3.1]).
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Fix an identificatiorZ = Pic(P™). Given ann-tuple of integers := (a4, . .., a,), consider the vector
bundleO(a;) & - -- ® O(a,) ONP™. Setl(a) = m and call it the length oh.

Notation 4.21. SetF,, o := Ppm(O(a1) & --- & O(ay)). If n =2, anda = (a,0), then seff,, , := F, a.

Theorem 4.22. Supposen andn are integers> 1, anda = (a1,...,a,+1) iS @ Sequence of integers. If
n > 2, then there are isomorphisms
~ |G xFpu(l) ifm=1
b () > g o Bl
G, x G, if m > 1.

If n =1andm > 1, then there are isomorphisms

W‘fl(Fma)% Fui(1) x Gy, ifago mod 2
’ Fyu(l) x Gy, ifa=1 mod 2,

wherea := aq + as.

Example4.23 (A'-fundamental groups of some blow-up®ne particular application of the results above
is to computations of\!-fundamental groups of blow-ups of linearly embedded ptdje subspaces of a
given projective space. Recall that the blow-up of a paiit P" (n > 3 for simplicity) is isomorphic to
the projectivization of a direct sum of line bundles o&r'. The explicit description of these line bundles
gives the isomorphism

72 (BI,P") =5 Fui(1) x Gy

More generally, ifP"~* is a linear subvariety dP", with k& > 2, then there is ai\'-weak equivalenc@” \
P"—* — P*~1 (in fact a vector bundle). This morphism allows us to reaze. . P" as the projectivization
of a vector bundle oveP*~!. Thus, Theorem 4.22 shows that

o [Fu()xG, ifk=2
78 (Blpn_ 1 P") ar(l) x _
G,, x G, if2<k<n.

One could also use the!-van Kampen theoremi [Morl2, Theorem 7.12] to approach tressets, but the
group structure on the extension in the cases where we hosvpoint or a codimensichsubvariety is not
very transparent.

Higher A'-homotopy groups and higher obstructions

We close with a very brief discussion of higher obstructiand their implications for the structure of higher
A'-homotopy groups of projectivizations of vector bundlesmy'-connected smooth schemes. Above, we
only really used the Euler class in the case of rabkindles. WherX' = P", n > 3, and¢f is a rank2 vector
bundle onX, we observed that the Euler clagg) of Definition[4.8 is trivial sincer’' (A"+1\ 0) vanishes
in this situation. Both of these observations factor into@nstruction of higher obstruction classes, which
are only given for rather special situations.

If X is anA'-connected smooth proper scheme, théﬁ(X) is always non-trivial (see Remark 2121).
As a consequence, we cannot easily impose higheronnectivity hypotheses al. Instead, we introduce
the following property depending on an integer 1:
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(C;) the universal\!-covering spaceX is A'-i-connected.

Projective spac®” satisfieqC,,—1), and [ADQ9, Theorem 6.4.2] gives a condition on the fan gui@eing
that a smooth proper toric variety satisfi&3;) for somes.

Let £ be a rankr vector bundle onX. If f : X — X is the A'-universal covering morphism, then
f*E is determined by a simplicial homotopy class of maps—+ BGL,. Applying nﬁ:l() to an explicit
representative of this map gives a morphisﬁjil()i’) — w;ﬁl(BGLT). If X satisfies(C;), using [ADO9,
Theorem 3.30] we get a bijection

. 1 ~ 1 ~ 1
Hf\IJirsl (X, Wﬁl (BGL;)) — Homﬂﬁﬁl (Wﬁl (X), Wﬁl (BGL)).

The element of /1! (X, w2, (BGL,)) corresponding to the morphisn', , (X) — w2, (BGL,) induced
by the classifying map of *£ will be denotede?(£). If i + 1 < r, the A'-homotopy groups oBGL, are
already in the stable range (again, see Rerharkl 3.13) andam@ttoduce algebraic K-theory into the

discussion.

Definition 4.24. Keeping hypotheses as in the preceding paragraph, theet[@9swill be called thei-ary
Euler class of.

Remarld.25 This definition can be made more similar to the definition efffuler class. The vector bundle
£ is classified by a simplicial homotopy class of maps— BGL,. The homomorphisrm-f%l (X) —
74" (BGL,) therefore determines an actionof ' (X) on w2, (BGL,) for i > 0. Using this, one can
define an A'-local system” onX: it is the Nisnevich sheaf (on the small site ) of local sections of the
morphismX X bl (x) vrﬁil(BGLr) — X. Thei-ary Euler class o can then be viewed as a class &n

taking values in this sheaf.

Lemma 4.26. SupposeX is anA’-connected smooth scheme such tkids A!-i-connected for some inte-
geri > 2. Assume is a rankn + 1 vector bundle onX. If €?(€) is trivial, then connecting homomorphism
w?jl(X) — 7' (P") in the long exact sequence Gbrollary[3.22is trivial. Therefore, there are induced
isomorphisms
1 ~ 1
i (P(E)) — w7 (P").

Proof. The first statement is valid even foe= 1, in which case it is precisely Lemrha 4114. For 1, the
proof is identical: one uses the observation that the mﬁg(X) — wfﬁl(X) is an isomorphism, and by
construction, the connecting homomorphism factors thnaugapX — BSL, 1. The second statement
follows from the first using Lemma 2,117 and thé-connectivity assumption. O

Example4.27. The connectivity ofX will force vanishing of higher Euler classes. For examgles i= P,
(n > 3), thenﬂ-;—*1 (P™) vanishes fol < i < n. Given arank vector bundle€ on X, the first non-vanishing
higher Euler class is )

¢"(€) € Hi (A" 0,711 (BGLy)),
and vanishing of this class completely controls the coringdtomomorphism of Corollafy 3.22 at the point
1 =n.
Remark4.28 In order to make the above results more effective, we need mfmrmation about the higher

A'-homotopy groups oBGL, 1, or equivalently by Propositidn 3.111 the highiet-homotopy groups of
SL,y1. If n £ 1, there is a nice description of these sheaves of groups nnstef so-called unstable
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Karoubi-Villamayor K-theory groups in [WenlL0, Theorem TJhe sheafn-ﬁl_l(SLn) for n > 3 (the case
n = 2 was treated by Morel) has been completely determined_in PAFand [AF12a]. Also, the sheaf
7r§1 (SLs) was determined in [AF12b]. These computations should atlog/to make non-trivial statements
about higher Euler classes.

5 Classification: A'-homotopy groups and motivic cohomology rings

In this section, we use the computationsAdi-homotopy groups from Sectidn 4 to produce examples of
pairs of varieties that have isomorphid -homotopy groups (of all degrees) yet that fail to deweakly
equivalent. For the sake of contrast, in RemarK 5.1 we resmaiie facts about lens spaces, which pro-
vide either examples of homotopy inequivalent varietiethwgomorphic homotopy groups and isomorphic
cohomology rings. The main result of this section is ThedEe#h In the examples, th&!-fundamental
group is the hardest'-homotopy group to control, and as a consequence dimefs®the most difficult
dimension in which to construct all the relevant examples.

Remark5.1 For the purposes of motivation, we recall that examples aikaltomotopy inequivaler-
manifolds with abstractly isomorphic homotopy groups aadaemology rings go back to the birth of ge-

ometric topology. Indeed, fix a primg an integely coprime top, and let¢ = e%. Choose coordinates
(w1, 22) onC?, and consider the action of the cyclic graigp generated by - (z1, 22) = (Cz1,(%3). The
resulting action is free and restricts to an actiorZgp on S® c C?2; the quotient ofS® by this freeZ /p-
action is the3-dimensional lens spack(p, ¢). The homotopy classification 8fdimensional lens spaces
goes back to Whitehead [Whi41, p. 1198](p, ¢) is homotopy equivalent td.(p, ¢') if and only if ¢4’ is

a square mog. Covering space theory shows that the homotopy groups(pfq) are independent af.
Using the classical Hurewicz and the universal coefficibrbtems, one sees that the cohomology ring of
L(p, q) is independent of (the cup product is trivial).

Al-weak equivalences of scrolls

We will need some rather explicit information about the ¢angtion of A'-weak equivalences of scrolls.
Recall from Notation 4.21, that = (ay, ..., ay), thenF,, = Ppm (O(a1)®--- & O(ay)). Whenn = 2,
up to twisting by a line bundle, all scrolls are of the fofiy) . for some integex, and we will abbreviate
this toF,,, .. We begin by recalling the following result.

Proposition 5.2 ([AM11} Proposition 3.2.10]) Fix n + 1-tuples of integera = (ay,...,a,+1) anda’ =
(af,...,al ). The scrollsF , andF, o are A'-weakly equivalent if and only {°, a; = >°, @ mod n+
1.

The A'-weak equivalences in the proposition are constructed ansief explicitA !-h-cobordisms. To
distinguish the varieties in question, one can use the ctatipa of Chow cohomology rings; we review
some notation because it will be used in our computatiomawbebuppose is a rankr vector bundle over
a projective spacB”. The Chow cohomology ring of the projective bundiig. (£) is computed as follows.
Leté € H%Y(P",Z) be the first Chern class @¥(1). Let P, (&) be the Chern polynomial & defined by

P(&) = ZTd—ici(S).

Then,
H**(Ppn(£),Z) — H**(Speck)[§, 7]/(€", P-(E));
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herer also has bidegre@, 1) and we use the notation of motivic cohomology. One can ifletite subring
®i>0H*"(X,Z) of motivic cohomology with the Chow ring' H*(X ); see [MVWO6, Corollary 19.2].

Example5.3 If a = (a1, az), the Chow cohomology ring of the scrdll , takes the fornZ[¢, 7]/(£2, 73 +
(a1+a2)&r?). Similarly, the Chow cohomology ring of the scrél , takes the forn%[¢, 7]/(€3, 72 +b¢T).
Any isomorphism of graded rings is induced bgd.,(Z) action on the generato£s 7.

Al-weakly inequivalent varieties with isomorphic A'-homotopy groups

Theorem 5.4. Letn > 2 be an integer, and suppose= (a1, as,as) is a sequence of integers. For every
i > 1 there are isomorphisms X X X
7w (Fra) — mf (B?) x @) (P').

However, ifa’ := (a},d},a}), thenFy , is Al-weakly equivalent td, o if and only if Y, a; = >, d}
mod 3.

Theorem 5.5. If a anda’ are integers that are congruent modulpthen for every integei > 0 there are
isomorphisms
1 1
ﬂ-f (}an) = ﬂ-f (FQ,a/)a

butF, , andF,, are Al-weakly equivalent if and only if = .

Proofs of Theorenis 5.4 ahd 5.5 both cases, the isomorphism Af-fundamental groups follows from
Theoreni4.2R2, and the isomorphisms between higlehomotopy groups are an immediate consequence
of Propositior 4.4.

Case of Theoref 5.4 hat the varieties in question até-weakly equivalent under the stated hypothesis
is [AM11, Proposition 3.2.10]. Consider the binary cubienfioon Pic(X) induced by the ring structure.
Settingb = a1 + a2 + a3 and choosing coordinates; and zo dual to¢ and 7, explicit computation
using the discussion of Example 5.3 identifies this cubifas (3z1 — bxa)z3. If V' = a} + afy, + b,

a straightforward computation of th&L-(Z)-equivalence class of this binary cubic form shows that it is
equivalent to(3z; — b'z2)z3 if and only if b andd’ are congruent moduld.

Case of Theorem B.5Again, using the discussion of Examplel5.3 one sees thatisceminant of the
binary cubic form onPic(X) induced by the ring structure &a? + 108a°. If a # o, then it is not hard to
show that there are no non-trivial integral solutions togheation27a? + 108a° = 27(a’)? + 1084’ (any
non-trivial real solution to this equation héas «’) contained in the open bax-1,1) x (—1,1)). O

Remark5.6. Producing examples of pairs af'-connected smooth proper varieties that have isomorphic
A'-homotopy groups yet which are'-weakly inequivalent in dimensiok 4 is significantly easier than

in dimension3. For example, suppose andn are integers> 2. It is easy to check that any two scrolls
Fm.a andF, 1, with m + ¢(a) = n + £(b) > 4 have isomorphicA'-homotopy groups for alf > 0.
Indeed, theA!-universal covers oF,, , andF,, , are both isomorphic t&™ !\ 0 x A"\ 0. In both
cases, thé\!-fundamental group is isomorphic @,, x G,,,, and the isomorphism of the previous sentence,
combined with Proposition 2.20.iii, yields isomorphisnisigher A'-homotopy sheaves. Nevertheless, one
can produce examples of such scrolls with non-isomorphimicwlogy rings.

Remarks.7. The isomorphism oi.'-homotopy groups is not, in general, induced by a morphisspates,
even in theA!'-homotopy category; by tha!-Whitehead theoremi [MV9%3 Proposition 2.14], it can be
induced by a morphism of spaces if and only if the underlyipaces aré\'-weakly equivalent.
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Remark5.8. Blowing up the same number of points on eaclfof, and[F, ; produces many more examples
of varieties with isomorphi@!-homotopy groups. Howeves '-weakly inequivalent varieties can become
Al-weakly equivalent after blowing-up: recall tH&t is not A'-weakly equivalent t&,, but after blowing-
up an appropriately chosen point on each, they become igdnicor

More generally, all of the examples constructed above amesim@yular projective toric varieties. Given
two toric projective bundlest and X' it is not difficult to give a non-singular projective toricnety X"
birationally equivalent to and dominating bath and X’ which is constructed from either of or X’ by
means of an explicit sequence of blow-ups at non-singulac gubvarieties. In other words, all of the
examples constructed above, whilé-weakly inequivalent, becomé!-weakly equivalent after blowing-
up.
Remark5.9. In the study of lens spaces (and in fact for closed orieBtathnifolds in general), the homo-
topy classification problem can be attacked by means ofwtigin theory (see, e.gl, [Olub3, Theorems V
and VI] and the references in that paper, or [TH069, Swa#4} fnore geometric point of view). Indeed, to
perform this classification two invariants are necessarg: (tisual) fundamental group and an appropriate
notion of “twisted degree” (see also [Fra43, Theorem I]plaing the orientation character. In the context
of A'-homotopy theory of projective bundles, one can also intcedvarious notions of degree. However,
in addition to keeping track of tha!-fundamental sheaf of groups, the above results suggesntbeder
to perform theA'-homotopy classification it is also necessary to keep trd¢atdeast) the cubic form on
Pic(X) defined by the intersection pairing (sée [OVdV95]). Thefundamental group controlBic(X)
by means of Propositidn 2.20(i), but in order to keep tracthefabove cubic form, one needs a fundamental
class.

Example5.10 The A'-connected smooth propgifolds with A!-fundamental groufif 41 (1) x G,,, include

all P2-bundles ovei®!, and projectivizations of rank vector bundlesS on P? with even first Chern class
and trivial Euler class. There are non-trivial-weak equivalences among varieties of the first type, bst it i
not clear whether there are non-trivial weak equivalenoegray varieties of the second type.

Remark5.11 There is another point of view on the above examples: all Hreetres for which we have
produced isomorphié.'-homotopy groups arise &,, x G,,-quotients of products of pairs of punctured
affine spaces. The punctured affine spaces arise as stabte fwidifferent linearizations dfx,, x G-
actions on affine space. All the projectivizations of spéttor bundles above are realized in this fashion
by changing linearizations for fixed actions on a given amixédfine space. Tha'-fundamental groups of
the quotients can be described by means of Propoéitioh &i2the group structure on tide -fundamental
group, i.e., the extension in question, is completely aeiteed by the linearization, which is determined by
a character ofz,,, x G,,. The space of characters Gf,,, x G,,, breaks into finitely many chambers such
that all the quotients for linearizations in a fixed chamhrerisomorphic. When passing through a wall,
the birational type of the variety in question remains th@eawhile the isomorphism class can change;
variation of GIT in this particular instance is worked outdonsiderable detail in [BCZ04, Appendix A].
When the resulting birational transformations are suffittje“small,” one can use geometric arguments to
show thatA'-fundamental groups do not change.
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