
Module 3 (Prof. Sameer Chavan)

Summary of lectures

Lecture 1. In the first lecture, we discuss two proofs of a version of Maximum Modulus Principle.
The first one is based on linear algebra (not the simplest one).

Problem (Orr Morshe Shalit, Amer. Math. Monthly). Let p(z) = a0 + a1z + · · · + anz
n be an

analytic polynomial and let s :=
√

1− |z|2 for z ∈ C with |z| ≤ 1. Let ei denote the column n× 1 matrix
with 1 at the ith place and 0 else. Verify:

(1) Consider the (n+ 1)× (n+ 1) matrix U with columns ze1 + se2, e3, e4, · · · , en+1, and se1− z̄e2

(in order). Then U is unitary with eigenvalues λ1, · · · , λn+1 of modulus 1 (Hint. Check that
columns of U are mutually orthonormal).

(2) zk = (e1)tUke1 (Check: Apply induction on k), and hence

p(z) = (e1)tp(U)e1.

(3) max|z|≤1 |p(z)| ≤ ‖p(U)‖ (Hint. Recall that ‖AB‖ ≤ ‖A‖‖B‖)
(4) If D is the diagonal matrix with diagonal entries λ1, · · · , λn+1 then

‖p(U)‖ = ‖p(D)‖ = max
i=1,··· ,n+1

|p(λi)|.

Conclude that max|z|≤1 |p(z)| = max|z|=1 |p(z)|.

Lecture 2. Zeros of analytic functions.In this lecture, we discuss the distribution of zeros of analytic
functions. We started with an elementary proof of fundamental theorem algebra. We then stated Roché’s
Theorem and discuss one of its applications to the zeros of analytic polynomials.

Lecture 3. Argument principle and its consequences. In this lecture, we started with the continuity
of argument function and discuss notion of a branch of argument/logarithm through examples. We prove
argument principle and discuss some of its consequences (Rouché’s Theorem, Hurwitz Theorem).

Lecture 4. Open mapping theorem. In this lecture, we discuss Open mapping theorem and its
consequences (Maximum Modulus Principle). We then discuss Schwarz’s Lemma and its applications
(Automorphism group of disc, a fixed point theorem).

Lecture 5. Cauchys theorem for simply connected domains.
In this lecture, we state and prove the homotopy version of Cauchy’s Theorem. As applications, we

obtain existence of a primitive, existence of a logarithm, and a generalized Rouché’s Theorem.

Lecture 6. Range of holomorphic functions. In this lecture, we proved Casorati-Weierstrass Theo-
rem. We use the last theorem to characterize all proper entire functions. In particular, we charaterize
the automorphism group of the plane.

Tutorial problems

1. Let p(z) = a0+a1z+· · ·+anzn be an analytic polynomial. Let z0 ∈ C be such that |f(z)| ≤ |f(z0)|.
Assume |z0| < 1, and write p(z) = b0 + b1(z − z0) + · · ·+ bn(z − z0)n. If 0 < r < 1− |z0| then verify the
following:

(1) 1
2π

∫ π
−π |p(z + reiθ)|2dθ = |b0|2 + |b1|2r2 + · · ·+ |bn|2r2n.

(2) 1
2π

∫ π
−π |p(z + reiθ)|2dθ ≤ |b0|2.

Conclude that if p is non-constant then max|z|≤1 |p(z)| = max|z|=1 |p(z)|.
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2. Let f(z) =
∑∞
n=0 anz

n converges uniformly on the closed unit disc. Show that max|z|≤1 |f(z)| =
max|z|=1 |f(z)|.

3 (Anton R. Schep, Amer. Math. Monthly). Let f : C→ C be an entire function such that f(z) 6= 0
for any z ∈ C. For a positive number r, verify the following:

(1)
∫
|z|=r

dz
zf(z) = 2πi

f(0) , where |z| = r is traversed in counter clockwise direction.

(2)
∣∣∣∫|z|=r dz

zf(z)

∣∣∣ ≤ 2π
min|z|=r |f(z)| , and hence min|z|=r |f(z)| ≤ |f(0)|.

Deduce the fact that an analytic polynomial admits a zero in the complex plane (known as Fundamental
Theorem of Algebra) by verifying

|a0 + a1z + · · ·+ an−1z
n−1 + zn| ≥ |z|n(1− |an−1|/|z| − · · · − |a0|/|zn|).

4 (Jim Agler, Online Notes). Consider the analytic polynomial p(z) = a0 +a1z+ · · ·+an−1z
n−1 +zn

and let R :=
√
|a0|2 + · · ·+ |an−1|2 + 1. Verify:

(1) If R = 1 then the set of zeros of p(z) is singleton {0}, and hence contained in any open disc
with center 0.

(2) Assume R > 1. If |z| = R then

|zn − p(z)| < |zn|
(Hint. Use Cauchy-Schwarz inequality).

The set of zeros of p(z) is contained in the open disc with center 0 and radius R.

5. Show that arg : C∗ → [0, 2π) is not a continuous function. What is the set of discontinuities of
arg ?

6 (Jim Agler, Online Notes). Consider f(z) = z2 − 1 on Ω := C \ [−1, 1]. Let g : Ω → C be defined
by

g(z) := |f(z)|1/2ei(arg(z−1)+arg(z+1))/2.

Verify the following:

(1) g is a well-defined continuous function on Ω satisfying g2 = f.
(2) g is analytic (Hint. s ◦ g = f, where s(z) = z2 which is locally one-to-one on the punctured

plane C∗).
Show further that f does not have an analytic logarithm on Ω.

7. Let f be non-constant and holomorphic in an open set containing the closed unit disc. If |f(z)| = 1
whenever |z| = 1 then the following hold true:

(1) f(z) = 0 for z in the open unit disc (Hint. Maximum Modulus Principle).
(2) f(z) = w0 has a root for every |w0| < 1, that is, the image of f contains the unit disc (Hint.

Rouché’s Theorem).

8. Show that the functional equation λ = z+ e−z (λ > 1) has exactly one (real) solution in the right
half plane.

9. Find the number of zeros of 3ez − z in the closed unit disc centered at the origin.

10. Show that at least one partial sum of the cosine series has a zero in the disc with center and
radius π/2.

11. Let {fn} be a sequence of injective holomorphic functions converging compactly to holomorphic
f. Show that either f constant or f is injective.

12. Let Ω ⊆ C be an open set. Show that |Ω| := {|z| : z ∈ Ω} is relatively open in non-negative
real numbers R+ (Hint. Let U ⊆ Ω be open. Pick up b ∈ |U | and fix a ∈ U such that |a| = b. Choose
0 < r < |a| such that Dr(a) ⊆ U. Check that |Dr(a)| = (|a| − r, |a|+ r).)

13. Let D ⊆ C be a domain, B ⊆ D an open and bounded subset such that B ⊆ D. If f is holomorphic
in D then show that the boundary ∂(f(B)) of f(B) is contained in f(∂B).

Conclude that this is not true if B is unbounded.
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14 (Minimum Modulus Principle). Let f be a non-constant holomorphic function on a bounded open
set Ω such that f is continuous on Ω. Show that either f has a zero in Ω or |f | assumes its minimum on
the boundary of Ω.

15 (Transitivity of the Automorphism Group). Show that the group Aut(D) := {f : D → D :
f is a biholomorphism} of automorphisms of the open unit disc is transitive, that is, for every a, b in the
open unit disc, there exists f ∈ Aut(D) such that f(a) = b.

16. Show that the complex plane minus a half-line is simply connected (Hint. Use polar co-ordinates).

17. Show that the complex plane minus a finite non-empty set is not simply connected.

18. Show that the range of a non-constant entire function is dense in C (Hint. Negation plus Liouville
Theorem).

19. Show that there exists no non-constant, entire function with range contained in the complement
of any half-line.

20 (Automorphisms of C). The group

{f : C→ C : f is entire with entire inverse}
of automorphisms of C equals {az + b : a ∈ C∗, b ∈ C}.

21. The set of n × n matrices with determinant equal to is dense in the space of n × n complex
matrices.

22. Let p be a non-constant analytic polynomial in more than one variable. Show that any open
neighborhood of a zero of p contains infinitely many zeros of p.

23. Show that the general linear group GLn(C) is path-connected.


