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1 Bounded linear operators

In this section, we shall characterize continuity of linear operators acting
between normed spaces. It turns out that a linear operator is continuous on
a normed linear space as soon as it is continuous at the origin or for that
matter, at any point of the domain of its definition.

Theorem 1.1. Given normed spaces X andY and a linear map T : X — 'Y,
then T is continuous on X if and only if 3¢ > 0 such that

IT@) < cll«f, ¥V zeX (1)

Proof. Assume that T is continuous. In particular, 7" is continuous at the
origin. By the definition of continuity, since T'(0) = 0, there exits a neigh-
bourhood U at the origin in X such that 7(U) C B(Y). But then 3r > 0
such that S,(0) C U. This gives

T(5,(0)) € TU) < BY). (2)
Let x(# 0) € X, for otherwise, is trivially satisfied. Then 27 € S,(0), so

that by ([2), T <i> € B(Y). In other words,

2||z|
2
IT(@)] < clle| where e=>
-

which gives ().
Conversely, assume that is true. To show that T is continuous on X, let



z € X and assume that z, — z in X. Then z, — z — 0 in X. Thus,
Ve>0,dN >:Vn > N,

1T (2n) = T()|| = [IT(zn — 2)|| < cllzn — 2] <

which holds for all n > N. In other words, T'(x,,) — T(z) in Y and therefore,
T is continuous at x € X. Since x € X was arbitrarily chosen, it follows that
T is continuous on X. O]

Definition 1.2. Given a continuous linear operator 7' : X — Y, we define

17| = sup [|T ()| (3)

llzll<1
Exercise 1.3. Show that the above quantity is finite.
Theorem 1.4. Given normed linear spaces X and Y, the space L(X,Y) of

continuous linear maps from X into Y can be made into a normed space by
means of formula (3)):

1T} = sup |T(z)[].

llzll<1
Further, L(X,Y") is a Banach space if Y is a Banach space.

Proof. We leave the details of proof of the first statement of the theorem as

an exercise.
To show that L(X,Y") is complete, let {T,} be a Cauchy sequence in L(X,Y).
Thus, Ve > 0, 3N >:

ITn-Tll<e,  Ymn>N.
In particular, we have
[To(z) = To(@)[ < ellzl,  VzeX mmn>N. (4)

This shows that {7,,(z)} is Cauchy in Y and therefore, converges to y =
T(x) €Y as Y is assumed to be complete.

Claim: T € L(X,Y) and T,, — T with respect to (3.

Writing T'(x) = nh_)rgoTn(x), x € X, it is easily seen that T is linear. Further,

using the fact ||.|| defines a continuous function on X (verify!), we see that
7)) = | 1im T (x|
— lim |I7,(@)]|. (5)



Since Cauchy sequence are bounded in a metric space, 3¢ > 0 such that

T < e, Vn>1
= |Tu(@)|| <cllz|  Vn>1,VreX.

Combining with , the above estimate gives:
[T(0)]] < lim cflef] = cfjzl],  VeeX
n—oo

which means that T is continuous, by virtue of Theorem [1.1} Finally, letting
m — oo in (4]) gives:

|Tn(z) — T(2)|| < €llz||, =€ X,VoeX,Vn>N.
Taking ||z|| < 1, gives:
T, — T = sup ||[Tn(x) = T(z)|| <€, z€X,VozeX,Vn>N,

=<1

which shows that T}, — T in L(X,Y’) with respect to the norm defined by
B). 0
Remark 1.5. We shall prove later that converse of Theorem also holds
that is L(X,Y") is complete if and only if Y is complete.
Exercise 1.6. Show that for T € L(X,Y’), one has

1T} = sup |T(z)[| = sup [|T(x)].

[J]|=1 ll=ll<1

Solution. Denote the above quantities on the right by A and B, respectively.
Fix z(# 0) € X such that ||z| < 1. Then for y = Tall> ly]l = 1, so that
IT(y)|| < A. Equivalently, ||T(x)|| < Al|z||. Taking supremum over ||z| <1
gives

1T = sup [[T(z) < A<|T]
[l=]|<1
which gives || T|| = A.
To show that ||T'|| = B, choose z € X, ||z < 1 and € > 0 arbitrarily.
Then for y = i, lyll| < 1, so that | T'(y)|| < B. Equivalently, ||T(x)| <
B(||z]| +€) < B(1 + ¢€). Taking supremum over ||z| <1 gives:
1Tl = sup [IT (@) < B(1+€).

[l <

Since € > 0 was arbitrarily chosen, letting ¢ — 0 gives ||T|| < B < ||T||, i.e.,
IT|| = B. O



Definition 1.7. For a normed linear space X, the space X* = L(X,K) is
called the (topological) dual of X. Elements of X* shall be referred to as the
bounded(continuous) linear functionals on X.

Example 1.8. (a) The linear map T : I, — [,(1 < p < o0) defined by

T(xy,x9, + ,Xp, ) := (e, T3, + ,Tp,--+) is a bounded linear operator on
l,. Indeed,
oo 1/p o0 1/p
IHK@H::<§ZM%P> SS(EijP) = |z, Vzel,
n=2 n=1

Example 1.8. (b) T': C[0,1] — C[0, 1] defined by
T(f):= [ f(t)de, z € [0,1]
/

is a bounded linear operator on C|0, 1](verify!).
Example 1.8. (c) T": o, — [; defined by

T(z) = (9“"">Z°:1

n?
gives a well-defined linear map such that

I =3[ < (fj 5) (sup

which show that 7" is continuous and ||T|| = %2.

2 Finite Dimensional Banach Spaces

In this section, we shall see that as opposed to the infinite dimensional Banach
spaces where it is possible for a linear map to be discontinuous, every linear
map on a finite dimensional Banach space is always continuous. To show
that it is indeed the case, we shall prove a series of result valid for finite
dimensional spaces which will yield the stated results as a simple consequence.
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Definition 2.1. The norms ||.||; and ||.||2 on a vector space X are defined
to be equivalent if the topologies generated by the metrics induced by each
of them are coincident.

Proposition 2.2. The norms ||.||; and ||.||2 are equivalent on X if and only
if A1, co > 0 such that

allzlly < flzlls < ey, Ve X. (6)

Proof. Necessity: Assume that ||.||; and ||.||2 are equivalent and consider the
identity map
i (X HR) = (X TH2)

i(x) = z.

The given condition yields that 7 is continuous as a linear and therefore, by
Theorem ¢y > 0 such that

llzll2 = [li(z)|l2 < cllz||1, Ve X.

This gives the right side of the desired inequality. Interchanging the roles of
l|z||1 and ||z||> gives the other inequality.

Conversely, to show that the norms ||.|[; and ||.||s are equivalent, it suffices
to show that i given above is continuous. Indeed, let z,, — 0 in (X, ||.|[1) and
fix € > 0 arbitrarily. Then @ gives:

€
znll2 < collzallr <o—=¢ Vn > N.
2

Here N has been chosen so that ||z,||; < €¢/c2, Vn > N. This gives x,, — 0
in (X, ].]|2) which shows that 7 is continuous. In a similar manner, we can
show that i : (X, |.]l2) = (X, |.]l1) is continuous. Since i = i~! it follows
that is a homeomorphism yielding thereby that the topologies induced by
the given norms are coincident. O
Theorem 2.3. B (I) = {5: e R™: fgaéx\wzl < 1} is compact.

Proof. Since we are dealing with metric spaces, it suffices to show that B (I)

is sequentially compact. To this end, let (z(™)%_; be a sequence in B (I".).
There exist M > 0 such that

V) < ™ <M Ym> 1 Y1<i<n



where 2™ = (2{™)2_ Thus, for cach 1 < i < n, the sequence (z\™)%_, is a

bounded sequence of real numbers and by the Bolzano-Weierstrass theorem,
1
($§ ))m , has a convergent subsequence (935 ’“)) . Let 935 Wk 2 e R
1
Now, (wé ")) ., being bounded has a subsequence which converges to s,

say. Passing to the corresponding subsequence of (m})2, yields a single
subsequence (my) of N such that

(mk) —> X, (mk) —) T9.
Repeating this procedure for ¢ = 1,2,---  n yields a single subsequence,
denoted again by (my) such that
Z(m’“)—>xz, 1<i<n.

= ||xm’“)—x||oo—1lga<x|xm’“)—x | =0

as k — oo where = = (x;)~; € B(I%). In other words, the subsequence
(zm))2° | converges to T in B (I") and this completes the proof. O

As a corollary, we obtain

Proposition 2.4. All norms on a finite dimensional space are equivalent.

Proof. Assume that dim X = n and pick a (Hamel) Basis (e;)?; in X. We
define for each © = Y"1 | aye; € X (o € R, 1 < i < n), the function:

el = s o]
It is easily seen that [|.||o defines a norm on X (verify!). Let ||.|| be any norm
on X. We show that [|.|| and ||.||o are equivalent and therefore, by transitivity,
on any two norms on X are equivalent.
Now, for any =z € X,

n

n
E ;€
i=1

B <3 failled
1=1
n
<pfol. 3l
1=

=Mlxllo (M = ZH&H) :
=1



Define f : Sy — R by f(z) = ||z| where Sy = {z € X;||z|lo = 1}.
Now, for x,y € Sy, we have

[f () = F )l = MMzl = [yl

< [lz =y

n n
g Qi€ — E pie;
i=1 i=1
n

Z(Oéi — fBi)e;

i=1
n
< _ Z .
< max|o @lem
1=
= M.[lz = ylo-

This shows that f is (uniformly) continuous on Sy. Further (X, ||.||o) is iso-
metric with [ via

n
Xozx= ZO&ZBZ‘ — (Oéi)?zl S lgo
=1

In particular, B(Xy) = {z € X;||z||p < 1} is homeomorphic with B(I%)
which is compact by virtue of Theorem [2.3] Thus, being continuous on the
compact subset Sy of B(Xj), f attains its bounds on Sy, say m and M:

m < f(zx) < M, Vo € Sp.

Since 0 ¢ Sy, m # 0, M # 0. Finally, let z(# 0) € X. Then z/||z||o € Sy and
the above estimate gives:

mllzllo < lzfl < Mllzlo

which shows that ||.|| and .|| are equivalent. (The right hand side of the
above inequality was also shown independently on the last page). O]

Corollary 2.5. All finite dimensional normed spaces are Banach spaces.

Proof. Let X be a normed linear space that dim X = n < oo. Let ||.||; be the
given norm on X and let [|.||p be the norm on X as defined in Proposition
2.4, Since ||.||; and ||.||o are equivalent and (X, ||.||o) is isometric with [
which is complete, it follows that ||.|| is complete as well. O
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Corollary 2.6. A finite dimensional subspace of a normed space is always
closed.

Proof. By Corollary 2.5, a finite dimensional space is complete and hence
closed. 0

Corollary 2.7. A linear operator on a finite dimensional normed space is
always continuous.

Proof. Let dim X < oo and let ||.|| be the given norm on X. Let T: X — Y
be a linear operator. Define, for x € X,

[l =l + [T ()]

Then ||.||; defines another norm on X which is equivalent to the given norm
[|]l, by Proposition 2.4 Thus, 3¢ > o such that [|T(z)|| < ||z|| + || T(z)| =
llz|l1 < ¢|lz||, Vo € X. Theorem [1.1{ shows that T is continuous. O

It is well known that vector spaces of the same dimension are isomophic
as vector spaces. In the next result we show that finite dimensional Banach
spaces of the same dimension are even linearly homeomorphic in the sense
that a vector space isomorphism between them is continuous in both direc-
tions.

Corollary 2.8. Let X and Y be Banach spaces such that dim X = dimY <
0o. Then every vector space isomorphism between X and Y is also a linear
homeomorphism.

Proof. Let T : X — Y be any given vector space isomorphism. Then T is
continuous on X and so is 77! : Y — X, by virtue of Corollary 2.7}
O

We conclude this lecture with

Theorem 2.9. A normed linear space is finite dimensional if and only if its
closed unit ball 1s compact.

Proof. Assume that dim X = n < oo. Then X is linearly homeomorphic
with, say (% for which B(I) is compact as was shown in Theorem In
particular, B(X) is compact.

Conversely, assume that B(X) is compact and, in particular, totally bounded.



Thus B(X) has a finite 1-net, say (z;)32, C B(X).

Claim: M = span [z;]}; = X.

Assume, to the contrary, that 32 € X such that © ¢ M. Put d = inf{||z —
y|l;y € M}. Then d > 0, for otherwise, 3 (y,) C M such that y, — . Since
M is finite dimensional, Corollary shows that M is closed and, therefore,
x € M which contradicts the choice of . Now, choose yg € M such that

3d
|z —yol| < >

Put zo = ﬁ, then 2o € B(X). Finally, for 1 <14 < n, we have

|z —yo — (|l — yol) ]| 2 2 1
o=l e—wl - 0%3d7 373
which contradicts that (z;)!; is a +-net for B(X). O



3 Fundamental theorems of
Functional Analysis-I

We shall begin with the first fundamental theorem- the uniform boundedness
principle-(UBP) and use it to prove Banach-Steinhauss theorem for opera-
tors acting on Banach spaces. The three other fundamental theorems to be
proved later in the lecture are:

1. Hahn-Banach Theorem

2. Open Mapping Theorem

3. Closed Graph Theorem

In the proof of the first fundamental theorem (UBP) and Open Mapping
Theorem/Closed Graph Theorem, we shall make use of

Theorem 3.1 (Baire’s Category Theorem). Every complete metric space is
of second category.

Here, second category is meant in the sense that the space X is not
of first category, which means that X cannot be written as countable union
of nowhere dense set. We recall that a subset A C X is nowhere dense if
(A)° = ¢. For example, {1/n}>>, N, Z are all nowhere dense whereas Q is
not. However, Q° = ¢!.

Theorem 3.2 (Uniform Boundedness Principle (UBP)). Let {T,}aca be a
family of bounded linear maps defined on a Banach spaces X and taking

values in a normed linear space Y such that {To(x)}aea is bounded inY, ¥V x €
X. Then {T,}aen is bounded as a subset of L(X,Y).

Proof. For each n > 1, define
A, ={z € X;||To(z)|| <n, Va € A}

Then, by the given condition, we can write

X =]J4.
n=1
Since A, = () f;'([0,n]), where f,(z) = ||T.(x)|, x € X, it follows that

acl
A, as an intersection of closed subsets is closed and, therefore, by Baire’s
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Category Theorem , Im such that A2, = (A,,)° # ¢. Choose xy € A,
and r > 0 such that S,(zo) C Ap,. Let x € X, ||| < 1. Then y = % + 29 €
Sy(xg) C A,,. By definition of A,,, we get

ITa(w)l <m, VaeA,

& HgTa(:c) + To(z0)|| <m, VaeA.

Simplifying, we get
2 4m
7o)l < (el +m) < 27, vaea

which means that {T,}.ea is bounded in L(X,Y). O

Corollary 3.3. For each n > 1, let T,, : X — Y be a bounded linear map
where X is a Banach space, Y a normed linear space such that T,(x) —

T(x), for each x € X. Then T is a bounded linear map.

Proof. Since T, () —= T(x),Vx € X, it follows that {T},(z)}°°, is bounded
in Y for each x € X. By (UBP) applied to {7, } and the Banach space X,
3¢ > 0 such that

HTnH <cg, Vn>1.

Finally, using the fact that the norm defines a continuous function, we see
that for each z € X,

IT(@)) =|

= lim |IT,,(«)]

Jim 7,z

< lim |17, ||

<c||z[],
which shows that T is continuous. O

Remark 3.4. Corollary [3.3|is referred to as the Banach Steinhauss Theorem.
In the next example, we show that completeness of the domain space X is
necessary both for the truth of the (UBP) and of Banach Steinhauss Theo-
rem.

11



Example 3.5. Consider X = (I3, ||.]|x), Y = R where

1Z]loc = suplzn|, 7= (2,) € 1.
n>1

Define a linear functional 7}, : X — R by
To(2) =)z,  T= ()2, n>1
i=1
T,, is clearly linear and continuous.

n
Tu@)| < Jel <nsup o] <nlefe, Ve X
1<i<n

=1

Letting T'(z) = > ;- x;, we note that T,,(z) — T(z), VI = (x;) € 1.
n places
——
However, taking z = (1,1,---,1,0,0,---) € X, we see that
(a) | 7]l > |T(z)| = n, Yn > 1, which shows that (UBP) does not hold.
On the other hand, assuming that 7" is continuous gives ¢ > 0 such that

IT()|| < cllell,  Vn=>1.

Choose T € X as above, this leads to n < ¢, Vn > 1. which is absurd. This
means that

(b) T is not continuous and, thus, Banach Steinhauss does not hold in this
case.

4 Hahn-Banach Theorem (Extension Form)

We shall now prove the Hahn-Banach Extension theorem which is perhaps
one of the most important theorems of linear functional analysis. Roughly
speaking, the theorem says that every continuous linear functional on a sub-
space of a normed space is the restriction of a continuous linear functional on
the whole space. The proof is based on an important variant of the axiom of
choice-Zorn’s Lemma which states that a partially ordered set in which every
totally ordered set (chain) has an upper bound contains a maximal element.
First some definitions.

12



Definition 4.1. A fucntion p : X — R, defined on a linear space X is called
a sublinear functional (resp. semi-norm) if

(1) pz +y) <p(x) +py), Yo,y e X

(i7) p(ax) = ap(x), Ya > 0 (resp. p(azx) = |a| p(x), Va € C).

Notation: For a given function p,q on X, we shall write p < gon Y C X if
p(y) <qly), VyeY.

Theorem 4.2 (Hahn-Banach Theorem). Assume that

(i) X is a real vector space and 'Y C X is a subspace.

(i) p is a sublinear functional on X.

(7i) g is a linear functional on'Y such that g(y) < p(y) on'Y.
Then there exists a linear functional f on X such that

() f(y) =9(y), Yy €Y (i.e; fly = g).
(v) f(x) < p(x), Vo e X.

Proof. We define a family:

F = {(H ,h); His a subspace of X containing Y, h is a linear functional
on H such that hly =g, h(z) < p(z), Vx € H}.

Clearly, .% is non-empty ((Y,g) € F).
A partial ordering ‘<’ on .# is defined as follows:

(H17h1) < <H27h2) ift Hl g H2 and h2|H1 = h1~

It is easy to see that every chain in .# has an upper bound. Indeed, let
C = {(H;, h;); i € A} be a chain in .%. Then Hy = (J,., H; is a subspace of
X containing Y and hg is defined by

ho(z) = hi(x), ifx € H; (forx € H)

is a linear functional on Hy such that ho|g, = h; and hy < p on Hy. By Zorn’s
Lemma, it has a maximal element (F, f), say!
Claim: F = X.
Suppose not! Then there exists xy € X such that z¢ ¢ F.
Set H=F @ [xo] = {z + axy; x € F, a € R}.
Let z,y € F| then
flz+y) <plz+y)
ie; f(z) + f(y) < plz — x0) + p(zo + y)
= f(z) —p(z —x0) < plxo +y) — f(y).
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Taking supremum over x € F and infimum over y € F gives
a:sup{f (a:—xo}<1nf{pxo+y) f(y)}:b.

Choose ¢ € R such that a < ¢ < b and define for z = = 4+ azry € H,
(x € F, a € R),

h(z) = f(z) + ac.
Then h is linear on H and h|r = f. To show that h < p on H, we see that
for a > 0,

h(z) = f(z) + ac
:a[f (a>+c}
ga[f<a>+p<xo+a>—f<a>]
=ap <.73o + g) = plaxo + x) = p(2)

and if o < 0, we have

h(z) = f(z

%) ()1 ()
|a\p(| | )=p<x+axo>=p<z>.

This shows that (H,h) € F and (F, f) < (H,h). Since F' # H, the maxi-
mality of (F, f) leads to a contradiction. This gives F' = X and, therefore,
f is a desired extension. m

Corollary 4.3. Theorem holds for complex space X equipped with a semi
norm p.

In other words, assume that

(i) X is a complex vector space and 'Y C X is a subspace

(i) p is a semi norm on X

(111) g is a C-linear functional on'Y such that |g(y)| < p(y), Vy € Y.

Then 3 a C-linear functional f on X such that

() fy) =g(y), VyeY

(v) |f(z)] < p(x), Vo € X.

14



Proof. We can write
g=u-+1v,

where u and v are real (linear functionals on Y'). Since g(iz) = ig(x), we get
v(x) = —u(iz). This gives:
9(y) = uly) —iuiy), VyeY

Now, u(y) < |u(y)] < |9(y)| < p(y), Vy € Y, so that by real Hahn-Banach
Theorem [4.2, 3w € X* such that w|y = v and w < p on X. Setting f(z) =
w(z) —iw(ix), for x € X, we see that

(a) f is C-linear on X

(b) f(y) = w(y) —iw(iy) = uly) —iu(iy) = g(y), V.Y
(¢) [f(@)] <plx), Vo e X.
Indeed, we can choose A € C, |A\| =1 such that

[f(@)] = Af(z) = f(Az) = w(Az) < p(Ar) = [Alp(x) = p().
This proves (iv) and (v) and the proof is complete. O

Corollary 4.4. Let X be a normed linear space and x(# 0) € X. Then 3 a
continuous linear functional f on X such that ||f]| =1 and f(z) = ||z|.

Proof. Put Y = [2] = span(z) = {az; a € K} and p(z) = ||z|, z € X.
Define g on Y such that
glar) = all.

Clearly, g is linear functional on Y and
9l = lglax)| = laf [lz]| = az] = plaz) =ply)  for yeY.

By Corollary, 3 f € X*such that f|y = gand |f(z)| < p(x) = ||z||, Vz €
X. This shows that f is continuous on X, f(z) = g(z) = ||z|| and ||f]] < 1.

Since ||f]| > ‘f (Hi—nﬂ = ’g (ﬁ)‘ =1 for z(# 0) € Y, we see that ||f]| =
1. ]

Corollary 4.5. For a normed linear space X # (0), it follows that X* # (0).
Corollary 4.6. Given x,y € X, then f(z) = f(y),Vfe X" =z =uy.

Proof. Suppose z = x —y # 0. By Corollary [£.4] 3 f € X* such that
f(z) = |z|| # 0 ie; f(z) # f(y), contradicting the hypothesis. O
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Corollary 4.7. Given a closed subspace Y of a normed linear space X and
xg €Y, 3f € X* such that f(Y) =0 and f(zo) # 0.

Proof. Put d = d(x¢,Y) = inf{||xzg — y||; y € Y} then d > 0, because Y is
closed. Put Z =Y & [z¢] and for z = y + azy € Z, define

g9(z) = ad.
Then g is linear on Z such that

9(2)| = |ald

< |of

“ i
o]
= flazo + gl =1L

By Corollary 4.3 3 f € X* such that f|; = g. In particular, f(y) = g(y) =0

for y € Y and f(zo) = g(xo) =d # 0. O
Corollary 4.8. For xz € X, ||z|| = sup |f(x)|.
lF1<1
Proof. We have,
[F@)] < Al < flell, for[f] < 1.

Taking supremum gives:

sup [f(2)] < [l«].
!

To show reverse inequality, Corollary gives f € X* such that ||f|| =1
and |f(x)| = [|z||. This gives

2] < sup [f(z)].
i<t

Corollary 4.9. For a normed linear space X and x € X,
[F2 ]l = [l]

where F,(f) = f(z), f € X"
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Proof. Since |F,(f)| = |f(x)] < ||fIlf-]|z]], it follows that F, is a continuous
linear functional on X* such that ||F,| < ||z]|. For the reverse inequality,
Corollary [4.4] gives f € X*, ||f]| = 1 such that f(z) = ||z|. This leads to

[zl = 1f (@) = [F (D] < N E:]],

so that, upon combining the two inequalities, we get ||z|| = || Fy||- O

Corollary 4.10. Let A C X be a subset of a normed linear space X. Then
A is bounded if and only if f(A) is bounded, ¥V f € X*.

Proof. Assume that A is bounded. Thus 3¢ > 0 such that ||z]] < ¢, V2 € A.
Let f € X*, then for z € A, we have

[f(@)] < [IFI ] < el £]

i.e; f(A) is bounded (as a set of scalars).
Conversely, assume that V f € X* d¢ > 0 such that

lf(x)] <¢, Vae A

Consider the family {F,;z € A} of bounded linear functionals on the Banach
space X*. Now, V f € X* {F,(f); x € A} = {f(z); * € A} is bounded. By
the (UBP), {F,; = € A} is bounded as a subset of X**. Thus 3 M > 0 such
that by Corollary

2]l = [| Fall < M, V€ A,
which shows that A is bounded in the normed linear space X. O

Corollary 4.11. L(X,Y) is Banach space if and only if Y is Banach pro-
vided X # (0).

Proof. We have already shown that Y is Banach space = L(X,Y’) is Banach
space. Conversely, assume that L(X,Y) is Banach space. If Y = (0), there
is nothing to prove. Otherwise, choose y(# 0) € Y such that |yl = 1. By

Corollary 4.4, 3 f € X*, ||f|| = 1 such that f(yo) = ||yo|| = 1. Let {y.} be a
Cauchy sequence in Y. Define T,,(z) = f(z)y, v € X, n > 1. Then T, is a

bounded linear map on X into Y. Now,

1T () = To(@)l| = 1 () (Y — )
< |Ym — ynll, for |lz| < 1.
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This shows that 7}, is Cauchy and hence convergent in L(X,Y’) which is
assumed to be complete. Let T}, — T € L(X,Y). Then, in particular,

Yn = To(yo) — T(yo) €Y,

and this completes the proof. O]
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5 Fundamental theorems of
Functional Analysis-II

Closed Graph Theorem

Definition 5.1. Given a map f : X — Y between topological spaces X
and Y, we say f has a closed graph if the graph of f:

G(f) = { (@, f(@)iw € X}
is a closed subset of X x Y.

Exercise 5.2. Show that a continuous map has a closed graph.

However, a closed graph mapping may not be continuous. For exam-
ple, the identity map i : R — (R, %) has a closed graph but is obviously
not continuous. Here R is the set of real numbers equipped with its usual
topology whereas (R, Z) is R in its discrete topology.

The third fundamental theorem-the so-called Closed Graph Theorem
(CGT), tells us that a linear closed graph mapping between Banach spaces
is always continuous. However, we will also see that the result breaks down
if the spaces involved are assumed to be incomplete.

First a small lemma.

Lemma 5.3. Suppose C is a convex subset of a normed space such that
C = (—1)C. IfC has an interior point, then C includes zero also as an interior
point.

Proof. Assume that 3~ > 0 such that S,(z) C C. For x such that ||z|| < 2r,
we have

r= (x0+§) —<x0—g> € S, (x0) — Su(wo) CC—C=C+C

But C+C = 2C, for if u,v € C, then
1 1
u+v—2(§u+§v> € 2C.
This gives « € 2C, i.e; S5,(0) C 2C, which implies that S,(0) C C. O
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Theorem 5.4. Let X and Y be Banach spaces and T : X — Y a linear
map. Then T is continuous if and only if T has a closed graph.

Proof. We have already noted (Exercise that if T" is continuous, then it
has a closed graph.

Conversely, we assume that 7" has a closed graph and show that it is contin-
uous.

Define C = {z € X;||T(z)|| < 1}. Since T is linear, we have X = J -, nC.
Applying Baire’s category theorem to the complete (normed) space X, 3
m > 1 such that mC = mC has an interior point and so mC, and, there-
fore, C has an interior point. Since, C is convex and (—1)C = C, it follows
by Lemma that ‘0’ is an interior point of C. Thus, 3 r > 0 such that
S,(0) € C which implies

S.r(0) CaC=aC, Va>0. (7)

We now fix 0 < ¢ < 1 and pick up # € X, such that ||z|| < r. Then z € C.
Thus, 3 21 € C such that ||z — z1]] < er. Now,  — 21 € S,(0) so, by (7), 3
19 € €C such that ||z — x; — x5]| < €2r. Proceeding inductively, 3 a sequence
{z,,} such that

<€'r and 1z, € C. (8)

n
i=1

Let s, = > i, z;. By (8)), we get

Sp = T and T (z,)| < €', ¥Yn>1. 9)

Further, {T(s,)} is a Cauchy sequence in Y since (9] implies that for m > n,

T (sm) = T(sa)ll = || Y Tla)|| < Y 1 T(xs)]
i=n+1 1=n-+1
- i—1 €"
< < —0
i;—l ‘ 1—e

as n — 00. By the completeness of Y, 3y € Y such that T'(s,,) — y. Since T’
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has a closed graph, we get y = T'(x). This gives

I7(@)] = llyll = || lim T(s.)

= lim [|T(s,)|

n—oo

- 1
<Y T ()| < 1<
n=1

Finally, given z(# 0) € X, we have v = sy € X such that v < § <7 By
the above estimate, we get

1
IT@) < +—
Equivalently,
2
T < — ,
7@ < =gl
which means that 71" is continuous. O

We derive the 'Open Mapping Theorem’ as a Corollary to the Closed
graph theorem. Before we do that, we state a useful result as an exercise
whose proof is left to the reader.

Exercise 5.5. Prove that a bijective mapping between topological spaces has
a closed graph if and only if its inverse has a closed graph.

Combining the above exercise with Theorem [5.4] yields

Theorem 5.6 (Inverse Mapping Theorem). A bijective continuous linear
mapping between Banach spaces has a continuous inverse.

Proof. Let T : X — Y be a bijective continuous linear map acting between
Banach spaces X and Y. Consider the inverse map 77! : Y — X. Since T is
given to be continuous, it has a closed graph, so 7! has a closed graph as
well. By the Closed Graph Theorem, 7! is continuous. ]

Corollary 5.7 (Open Mapping Theorem). A surjective continuous linear
map between Banach spaces is an open map. i.e; it maps open sets onto open
sets.
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Proof. Let T : X — Y be the given surjective continuous linear map. Let
M = KerT = {z € X;T(z) = 0}. Then M is closed subspace of X such
that the ‘quotient map’ ¢ : X — X /M is a continuous linear map which is
also open. Consider the map T : X/M — Y, defined by T(z + M) = T(z).
T is clearly a (well-defined) continuous b1Ject1ve linear map. Since X/M is
a Banach space under the ‘quotient norm’, the ‘Inverse Mapping Theorem’
(Theorem |5.6)) applies to conclude that T is an open map. Since T = To 10)
and each of the maps on the right is open, it follows that T is an open
map. ]

Corollary 5.8. Let X be a vector space and let ||.||1 and ||.||2 be complete
norms on X such that (X, |.|[1)* = (X, ||.[[2)*. Then ||.|[x and ||.||2 are equiv-
alent.

Proof. Let 7 and 7, be the topologies on X induced by ||.||; and ||.||2, re-
spectively. We show that 7 = 5. Consider the identity map

i (X,m) = (X,w)

where w is the ‘weak topology’ on X, generated by the dual (X, |[|.|[2)* of X
with respect to [|.||o. Thus, 2, —=  in (X,w) if and only if f(z,) — f(x)
for all f e (X,|.]|2)*

Claim: ¢ has a closed graph.

Let z, — x in (X, 7). In particular, f(z,) - f(z) Vf € (X,[.]1)" =
(X, ]].]l2)*. Thus , — 2 in (X,w). This shows that i is continuous and,
therefore, has a closed graph. Since a mapping having a closed graph retains
its property whenever the topologies on the domain/range are strengthened,
it follows that (X, 1) — (X, 72) has a closed graph (w C 73) and, therefore,
by the Closed Graph Theorem, ¢ is continuous. This means that 7 C 7.
By exchanging the roles of ||.||; and ||.||2, we can show that 71 C 75 and this
completes the proof. O

We now demonstrate by counterexamples that the assumption of com-
pleteness, both on the domain as well as on the range space is necessary for
the truth of the Open Mapping Theorem and the Closed Graph Theorem.

Example 5.9. Let

X =C"0,1] = {f € C[0,1]; f" exits and is continuous on[0, 1] with f(0) = 0}
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be equipped with the norm induced from C|0,1] :
11l = Sup]!f($)|~

z€[0,1

Let Y = (C’[O, 1], ||||Oo), equipped with the usual sup-norm. Consider the
map

T:X—>T defined by T(f) = f".

Clearly, T is a linear map. We see that T  has a closed graph. For if f,, — f in
X such that f) =T(f,) — g in Y, then f’ exists and f’ = g. In other words,
T(f) = g, so that T has a closed graph. However, T is not continuous. For,
otherwise, 3 ¢ > 0 such that

I I=1THI<clfll,  VfeX (10)
Take f,, € X where f,(t) =t", n > 1. Then applied to f = f, gives:
Int" M < eftloe, V21

= n < ¢, Vn > 1, which is absurd.

In other words, T' is not continuous. This shows that completeness of the
domain space is necessary for the truth of the Closed Graph Theorem.

We now ‘turn around’ the above example to show that completeness of the
range space is necessary in the ‘open mapping’/’inverse mapping' theorem.
To do this, we note that the example givne above in Example [5.9|is a ‘dif-
ferential operator '. For the next counterexample, we consider the ‘integral
operator’ T': C[0, 1] — C*[0, 1] defined by

T(f)(z) ::/f(t)dt, feco,1], zeo,1].

By the ‘Fundamental Theorem of Calculus’, the indefinite integral of a con-
tinuous function is everywhere differentiable (with the given continuous func-
tion as its derivative). This shows that 7" is a well-defined continuous linear
operator which is also surjective. Let X = C[0,1]/KerT and consider the
induced map T:X — C10,1] which is clearly a bijective continuous linear
map. However, (T)~" is not continuous. After all, (7)~" is the ‘differential

operator’ D of Example [5.9;

which was shown to be discontinuous.
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Example 5.10. We now show that the assumption of completeness of the
range space in the Open Mapping Theorem (equivamently Inverse Mapping
Theorem) and of the domain space in the Closed Graph Theorem cannot
be dropped in the statement of these theorems. Both these objectives are
achieved in the following counterexample:

Let X be an infinite dimensional separable Banach space and let Y denote
the space X but equipped with a different norm. To be specific, we fix a
(Hamel) Basis {e4}aca of X and define for z € X,

o= lail o= e aeK ieA

ieA €A
Without loss of generality, we can assume that |le,|| = 1,Va € A. Now,
noting that
li(z)]| = ||lz[| = Zaiei < Z lai| = ||z]lo, VxEY,
ieA ieA

we see that the identity map i : Y — X is continuous. However, i 1 : X — Y
is not continuous for otherwise, Y as a homeomorphic copy of X would be
separable too because X is assumed to be separable. Thus, let {z,} be a
countable dense subset of Y. Now for o # 3, o, B € A, we see that

lea — esllo = 2. (11)
For 0 <r < 1, yields that
Sr(eq) N Sy(ep) = ¢. (12)

Since {z,} is dense, we see that Vo € A, 3n > 1 such that z,, € S,(e,). Us-
ing the fact that A is uncountable (see the next theorem), by the Pigeon-Hole
Principle, 3a # € A and n > 1 such that z, € S,(e,) and z, € S,(es)
which contradicts ((12]).

The above example shows that the completeness of the domain is necessary
in the ‘Inverse Mapping Theorem ’. To show that the assumption of com-
pleteness is also necessary in the ‘Closed Graph Theorem’, we again consider
the mapping

i: X =Y, i) =2, € X.
1

As seen above, i7" =i : Y — X being continuous has a closed graph, so that
by virtue of Exercise , i=(i"Y"': X — Y has a closed graph as well.
But ¢ is not continuous as was shown above. This completes the argument.
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We now give a proof of the statement used in the above counterexample.

Theorem 5.11. Let X be an infinite dimensional Banach space. Then
dim X > c.

Proof. Assume the contrary. Thus we can choose a countable (Hamel) Basis
{2,}°°, in X. For n > 1, let M,, = span [x;]"_;. Then M, is a closed subspace
of X such that X = J,_, M,. Appealing to Baire’s Category Theorem ap-
plied to the complete (metric) space X, 3m > 1 such that M2, = (M,,)° # ¢.
Thus Fzg € M,, and r > 0 such that S,(xg) C M,,. Further, let z(# 0) € X.
Then y = ﬁ + z9 € Sy(x9) C M,,. Since M, is a subspace, it follows
that x € M,,, which yields that X = M,, is finite dimensional, contradicting
the infinite dimensionality of z. In other words, X is uncountable dimen-
sional. [

Exercise 5.12. Let ||.||; and ||.|2 be complete norms defined on X such that
Il < |||, V& € X. Prove that 3 ¢ > 0 such that ||x|2 < c||z|1, V2 € X.
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6 Weak and Weak* topologies

Theorem 6.1. A linear map T : X — Y acting between normed linear spaces
X and Y is ||.| = ||.|| continuous if and only if it is weak-weak continuous.

Proof. Assume that T is norm-continuous and let z, — 0 weakly in X.
Then f(x,) — 0,V f € X* and, therefore, if g € Y*, then g o T(z,) — 0.
In other words, T(z,) — 0, weakly in Y*.

Conversely, assume that 7' is weak-weak continuous. We show that T'(Bx)
is norm-bounded in Y. By Uniform boundedness principle, it suffices to show
that T'(Bx) is weakly bounded in Y. Thus let g € Y*. Now, T": X — Yis, in
particular, ||.|| — w continuous and so g o T is ||.|| continuous. Equivalently,
g o T(Bx) is bounded, which means that T'(Bx) is weakly bounded. O

Theorem 6.2. Given a continuous linear functional ¢ on (X*,w*), Jx € X
such that p =z = F,.

Proof. Let M = Kerg. If M = X*, then ¢ = 0 and so we can take x = 0.
Assume that 3 f € X* such that ¢(f) = 1. Since M is closed (and convex),
J w*—nghd. V of f such that V N M = ¢. By definition of w*—topology,
dxy, 29, ,x, € X and €1, €9, -+, €, > 0 such that

V2 {ge X" |f(z:) —g(w)| < e 1 <i<nf.
Define a map ¢ : X* — R" by

V(g) ={Zi(9)}i, ge X"

Clearly 1 is linear and w* continuous. Now ¥(f) ¢ (M), for otherwise,
dg € M such that ¥(f) = ¥(g) and so g € V, a contradiction. Also,
W(f) # 0 (because (M) contains 0). Assume that dim¢ (M) = j < n, put
ar = ¢(f). Let {ag, as, -+, aj41} be a basis of (M) and extend the linearly
independent set {oy, g, g, - -+, i1} to a basis {o; }7; of R™. Define a linear
functional p on R”™ such that p(ay) = 1,p(e;) = 0, 2 < i < n. Clearly,
p o is w* continuous. Then for g € M, po ¥(g9) = p(¥(g)) = 0, since
Y(g) € (M) = span [oy])F,. Then Kerp = M C Ker (po 1)), so ¢ = po
because p(f) =1=pot(f).

Let {e;}I~; be the standard basis of R” and let B = (b;;) be the n x n
matrix such that e; = Z?Zl bijaj, 1 <i <n.Then for a = (ar,as, -+ ,a,) =
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" h
> ioy @iei, we have,

3
3
3

This gives:

©(g) =poy(g)
= p((g(xi))izy)

= i bilg(xi)
= i bii(g)
= <i bilxi> (9)

= 1(g), where x = Zbﬂmi eX (geX).

=1

This leads to:

Theorem 6.3 (Goldstine’s Theorem). (a) X is dense in (X**,w*)
(b) By is w*—dense in Vi, where Vi is the closed unit ball in X**.

Proof. (a). Assume that_f( =X isa proper subspace of X** and choose

¢ € X** such that ¢ ¢ X, which is a w*—closed subspace of (X**,w*). By
the Hahn-Banach separation theorem, 3¢ € (X** w*)* such that ¥(p) =
and ¥(z) = 0, Vo € X. By the previous theorem, 3 f € X* such that
Y(a*) = fla*) = 2 (f), Va** € X**. Hence

f(x) =2(f) = (&) =0, VrelX

ie; f=0.But o(f) = f(©) = ¢(p) = 1 implies that f # 0, a contradiction.
Hence X = X**. .
(b). Assume that C' = B is a proper subset of Vi, so J¢ € V; but ¢ ¢ C.
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Since C'is closed and convex in (X**, w*), the (HB)-separation theorem yields
Y € (X™,w")" such that ¢(c) < s < Y(p), Ve € C, for some s € R. Again,
by the previous theorem, 3 f € X* such that v = f, i.e;

This gives

f(x) =2(f) =¢(&) <s, Ve By,
and so, —f(z) = f(—xz) < s, Vx € Bx. In other words,

[f(z)| <5, Vxe Bx

and, therefore, || f|| < s. But [l¢l| <1 and o(f) = ¥(¢) > s implying that
£l > |o(f)| > s, a contradiction. Then Bx = V;. O

Corollary 6.4. A Banach space X 1is reflexive iff Bx is w—compact.

Proof. Assume that X isreflexive. Then Bx = By« is o(X**, X*)—compact,
by Banach-Alaoglu theorem. But again X = X** gives that By is (X, X*)—
compact.

Conversely, assume that By is w—compact. By Goldstine’s Theorem, By is
w*—dense in V1, the closed unit ball in X** By the w—compactness of By, By
is w*—compact and, hence, w*—closed in X**, implying that By=Bx =V
which yields that X = X**, so X is reflexive. O]
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7 Duals of some concrete Banach spaces

Definition 7.1. Given a normed space X, the (normed /topological) dual
X* of X is defined to be the space of all continuous linear functionals on X
equipped with the dual norm:

11l = Sup ()]

|lz[|<1

The phrase “computing the dual of a normed space X7, shall be un-
derstood in the sense that it is possible to identify a Banach space Y which
is isometrically isomorphic with X ™. Before we identify the dual of ¢, or of [,
(1 < p < o0), we note the following property of the set {e,;n > 1} in each
of these spaces.

Exercise 7.2 (a). For each T € cy, we can write

o
T= Z:Enen, T = (z,) € cp.
n=1

(b). For each z €1, (1 < p < 00), we can write:

o0
T = anen, T = (z,) €1,
n=1

Here, as usual, e, denotes the nth unit vector:

en(i):{o, 1#n

1, 1=n.

Solution (a). For n > 1, we have

n
E—inei = ||z — (21,29, ,2,,0,0,-- )|
i=1
=0 Tty Ty, )|
= sup |x;.
i>nt1
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Since T € ¢g, Ve > 0, N such that |z;| <€, Vi > N i.e; sup|z;| < e. Thus,

i>N
Vn > N, we have
n
xr — Z zie;|| <€,
i=1
n
which means that > x;¢; — x as n — 0o. In other words,
i=1
o0
T = Z L Copy-
n=1
(b). Left as exercise. O

We use the above exercise to prove:

Theorem 7.3. ¢ = ;. In other words, the dual of ¢y can be isometrically
identified with 1.

Proof. We set up a bijective linear isometry
Yl — (co),

defined by ¥(y) = ¢; where

(ﬁ?(i) = anyna T = (-Tn) € Cp
n=1

1 is well-defined because ¢y is linear and

@3l < (3ol ) gl
n=1 n=1

n

=[gl-lzll, =€ co.
We also note that v is linear:
V(W + ) = Pgiam = Op + O

¢(ag) :¢aﬂ:a¢ﬂa glag%ye lla a e K
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Further, since |l¢gl] < [[g]l, we see that [[(7)[ = [l¢gll < [|7]]. Thus, to
complete the proof, it suffices to show that v is surjective and ||(7)] > ||7]|,
Vy € 1. To this end, let ¢ € ¢ and put y,, = ¢(e,), n > 1.

Claim: gy = (y,) € l; and ¢ (y) = ¢.

For n > 1, consider 2™ = (x("))zl where

(n) sSgn y;, 1< <n
$. —
‘ Oa Z >n.
Then, (™ € ¢y Vn > 1 and
o) -o( 35
=1
=" ao(e;)
=1
= ngn)yz
=1
=3 lwil < 6l Je™] = 18], ¥n > 1.
=1

This gives Y .o, |yn| < 00 (¥ € 11) and

9]l < (|-
Finally, for Z € ¢, we have (by Exercise
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which means that ¢ = 1 (y) and

gl <l @)-
This completes the proof. O
Theorem 7.4. For 1 <p < oo, l; =1, where % + % = 1.

Proof. As in Theorem [7.3] we define

Yily — 1, by

Y(y) = ¢y, where ¢4(z) = anyn, T = (x,) €1,
n=1

Holder’s Inequality shows that ¢y € [ :

n=1

0o 1 00 1
P q
< (k) (S imr)
n=1 n=1
gzl VEel,

Thus 1 is a well-defined linear map such that

@I = llegll < ll7llq- (13)

To complete the proof, we show that 1 is surjective and that ||/ (g)]| > ||7]|,-
Thus, let ¢ € I and put y,, = é(e,), n > 1.

Claim: y = (y,) € [, and ¢(y) = ¢.
For n > 1, consider the vector z™ e l, where

o ) lwil"lsgny;,  1<i<n
X =
Z 07 7> n.
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Now,
- Er
i=1
= 2" ¢(e)
i=1
= lwil? < lI¢ll- 1=l
i=1
n 1
= ol ()
Zzl .
= ol (L")
i=1
. 1
Upon dividing both sides by (Z ]yi]q> , we get
i=1

(Zw)p <lol,  vn>1. (14)
=1

which means that § € [,. Finally, for z € [,,, we have (by Exercise (b)):

n=1
= ¢3(7) = (7)(@),
which shows that ¢ (y) = ¢ and that by , we have

17llq < o @)Il-
so that combined with , this yields
V@) = l7llq
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and the proof is complete. O
Exercise 7.5. Show that the dual of l; can be identified with l.

(Hint: Proceed exactly as in Theorem [7.3])
Dual of Cla,b] :
Theorem 7.6. F € (Cla,b])" < 3g € BV[a,b] such that

ﬂﬁ=/&@, Vie b (15)
and  |[F|| =V(g).

Proof. 1f holds, then |E(f)| < || f|l fab dg, and, therefore

b

ums/@zm@—WMSwm

a

Conversely, let I € (Cla,b])” and extend F to G on Bla,b] by HBT such
that | F|| = ||G|. Define for t € [a,b], ¢; = X[o,q and put g(t) = G(c).
Claim:(1). g € BVa,b].

Let a =ty < t; < --- < t, =b be a partition of [a,b] and put

h = Z ki(cti - Ctiﬂ)?
i=1
where k; = sgn[g(t;) —g(ti—1)], 1 <i <n.Clearly, h € Bla,b], and we have
G(h) =) kilg(t:) = gti-)] = Y lg(t:) = g(tin)| < |GIR]| = (|G-
i=1 =1

eV <Gl
Claim:(2). F(f) = [ fdg,V f € Cla,b].

Fix € > 0 and Choosae 6 > 0 such that

lr —y| <d=|f(x) — f(y)| <€, by uniform continuity of f (16)

34



and

/fdg — Z f(ti><g<ti) - g<ti71)) <€, (17)

for all partitions P = {t;}I, of [a,b] with ||P|| < 0. Consider the function

ho = > iy f(ti) (e, — c,_,) in Bla,b].
Then,

G(ho) = Z F(t:) (g(t:) — g(tiza)).

Putting in gives
b
/fdg—G(hO) < e (18)

Finally, let ¢ € [a,b]. Then 3 1 < i < n such that t € [t;_1,%;], so that, by
), we get
|f(t) = ho(®)] = [f(t) = f(t:)] <e  (because [t —t;| <9).

In other words, || f — hol < €.
Putting together all these estimates gives

/f@—FU)s/}@—Gw»+mmw—ﬂﬂ|

< e+ |G(ho) = G(f)]

< e(1+|FJ)-
Since € > 0 was arbitrarily chosen, we arrive at . O]

Remark 7.7. In the above theorem, we have merely described the total-
ity of all bounded linear functionals on C|a,b]. However, it is still possi-
ble to identify the dual of Cla,b] as a space of functions of bounded vari-
ations on [a,b]. The fact that a function g € BV]a,b] together with g +
¢, (where ¢ is a constant) define the same bounded linear functional on Cfa, b]
via , suggests that in order to identify (C la, b])>k as a space of functions
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on [a,b], one has to look inside BV[a,b] and identify a suitable subspace Z
therein such that
(Cla,b))" = Z

with the bijective linear isometry being given by . It turns out that Z can
be chosen to be NBV]a,b], the space of ‘normalized function g of bounded
variation’ on [a, b] i.e;

g(a) =0 and g¢ is continuous on [a,b] from the right

limg(t + h) = g(t), Vté€a,b.
h—0
h>0

Further, it turns out that to each g € BV]a, b, there exists an unique h €
NBV]a,b] such that

b b

/fdg:/fdh, vV f e Cla,bl, and

V(h) < V(g).
This yields the desired (isometric) identification.

(Cla,b])" = NBV/[a,b]

with the identification given by .
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