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1 Bounded linear operators

In this section, we shall characterize continuity of linear operators acting
between normed spaces. It turns out that a linear operator is continuous on
a normed linear space as soon as it is continuous at the origin or for that
matter, at any point of the domain of its definition.

Theorem 1.1. Given normed spaces X and Y and a linear map T : X → Y,
then T is continuous on X if and only if ∃ c > 0 such that

‖T (x)‖ ≤ c‖x‖, ∀ x ∈ X. (1)

Proof. Assume that T is continuous. In particular, T is continuous at the
origin. By the definition of continuity, since T (0) = 0, there exits a neigh-
bourhood U at the origin in X such that T (U) ⊆ B(Y ). But then ∃r > 0
such that Sr(0) ⊂ U. This gives

T (Sr(0)) ⊆ T (U) ⊆ B(Y ). (2)

Let x(6= 0) ∈ X, for otherwise, (1) is trivially satisfied. Then x
‖x‖ ∈ Sr(0), so

that by (2), T
(

rx
2‖x‖

)
∈ B(Y ). In other words,

‖T (x)‖ ≤ c‖x‖ where c =
2

r

which gives (1).
Conversely, assume that (1) is true. To show that T is continuous on X, let
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x ∈ X and assume that xn
n−→ x in X. Then xn − x

n−→ 0 in X. Thus,
∀ ε > 0,∃N 3: ∀n > N,

‖T (xn)− T (x)‖ = ‖T (xn − x)‖ ≤ c‖xn − x‖ ≤ ε,

which holds for all n > N. In other words, T (xn)
n−→ T (x) in Y and therefore,

T is continuous at x ∈ X. Since x ∈ X was arbitrarily chosen, it follows that
T is continuous on X.

Definition 1.2. Given a continuous linear operator T : X → Y, we define

‖T‖ = sup
‖x‖≤1

‖T (x)‖. (3)

Exercise 1.3. Show that the above quantity is finite.

Theorem 1.4. Given normed linear spaces X and Y, the space L(X, Y ) of
continuous linear maps from X into Y can be made into a normed space by
means of formula (3):

‖T‖ = sup
‖x‖≤1

‖T (x)‖.

Further, L(X, Y ) is a Banach space if Y is a Banach space.

Proof. We leave the details of proof of the first statement of the theorem as
an exercise.
To show that L(X, Y ) is complete, let {Tn} be a Cauchy sequence in L(X, Y ).
Thus, ∀ ε > 0, ∃N 3:

‖Tm − Tn‖ ≤ ε, ∀m,n > N.

In particular, we have

‖Tm(x)− Tn(x)‖ ≤ ε‖x‖, ∀x ∈ X, m, n > N. (4)

This shows that {Tn(x)} is Cauchy in Y and therefore, converges to y =
T (x) ∈ Y as Y is assumed to be complete.
Claim: T ∈ L(X, Y ) and Tn → T with respect to (3).
Writing T (x) = lim

n→∞
Tn(x), x ∈ X, it is easily seen that T is linear. Further,

using the fact ‖.‖ defines a continuous function on X(verify!), we see that

‖T (x)‖ = ‖ lim
n→∞

Tn(x)‖

= lim
n→∞
‖Tn(x)‖. (5)
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Since Cauchy sequence are bounded in a metric space, ∃ c > 0 such that

‖Tn‖ ≤ c, ∀n ≥ 1

⇒ ‖Tn(x)‖ ≤ c‖x‖ ∀n ≥ 1, ∀x ∈ X.

Combining with (5), the above estimate gives:

‖T (x)‖ ≤ lim
n→∞

c‖x‖ = c‖x‖, ∀x ∈ X

which means that T is continuous, by virtue of Theorem 1.1. Finally, letting
m→∞ in (4) gives:

‖Tn(x)− T (x)‖ ≤ ε‖x‖, x ∈ X, ∀x ∈ X, ∀n > N.

Taking ‖x‖ ≤ 1, gives:

‖Tn − T‖ = sup
‖x‖≤1

‖Tn(x)− T (x)‖ ≤ ε, x ∈ X, ∀x ∈ X, ∀n > N,

which shows that Tn
n−→ T in L(X, Y ) with respect to the norm defined by

(3).

Remark 1.5. We shall prove later that converse of Theorem 1.4 also holds
that is L(X, Y ) is complete if and only if Y is complete.

Exercise 1.6. Show that for T ∈ L(X, Y ), one has

‖T‖ = sup
‖x‖=1

‖T (x)‖ = sup
‖x‖<1

‖T (x)‖.

Solution. Denote the above quantities on the right by A and B, respectively.
Fix x(6= 0) ∈ X such that ‖x‖ ≤ 1. Then for y = x

‖x‖ , ‖y‖ = 1, so that

‖T (y)‖ ≤ A. Equivalently, ‖T (x)‖ ≤ A‖x‖. Taking supremum over ‖x‖ ≤ 1
gives

‖T‖ = sup
‖x‖≤1

‖T (x) ≤ A ≤ ‖T‖

which gives ‖T‖ = A.
To show that ‖T‖ = B, choose x ∈ X, ‖x‖ ≤ 1 and ε > 0 arbitrarily.
Then for y = x

‖x‖+ε , ‖y‖ < 1, so that ‖T (y)‖ ≤ B. Equivalently, ‖T (x)‖ ≤
B(‖x‖+ ε) ≤ B(1 + ε). Taking supremum over ‖x‖ ≤ 1 gives:

‖T‖ = sup
‖x‖≤1

‖T (x)‖ ≤ B(1 + ε).

Since ε > 0 was arbitrarily chosen, letting ε→ 0 gives ‖T‖ ≤ B ≤ ‖T‖, i.e.,
‖T‖ = B.
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Definition 1.7. For a normed linear space X, the space X∗ = L(X,K) is
called the (topological) dual of X. Elements of X∗ shall be referred to as the
bounded(continuous) linear functionals on X.

Example 1.8. (a) The linear map T : lp → lp(1 ≤ p ≤ ∞) defined by
T (x1, x2, · · · , xn, · · · ) := (x2, x3, · · · , xn, · · · ) is a bounded linear operator on
lp. Indeed,

‖T (x̄)‖ =

(
∞∑
n=2

|xn|p
)1/p

≤

(
∞∑
n=1

|xn|p
)1/p

= ‖x̄‖, ∀ x̄ ∈ lp.

Example 1.8. (b) T : C[0, 1]→ C[0, 1] defined by

T (f) :=

x∫
0

f(t)dt, x ∈ [0, 1]

is a bounded linear operator on C[0, 1](verify!).
Example 1.8. (c) T : l∞ → l1 defined by

T (x̄) :=
(xn
n2

)∞
n=1

gives a well-defined linear map such that

‖T (x̄)‖ =
∞∑
n=1

∣∣∣xn
n2

∣∣∣ ≤ ( ∞∑
n=1

1

n2

)(
sup
n≥1
|xn|

)
=
π2

6
‖x̄‖, ∀ x̄ ∈ l∞,

which show that T is continuous and ‖T‖ = π2

6
.

2 Finite Dimensional Banach Spaces

In this section, we shall see that as opposed to the infinite dimensional Banach
spaces where it is possible for a linear map to be discontinuous, every linear
map on a finite dimensional Banach space is always continuous. To show
that it is indeed the case, we shall prove a series of result valid for finite
dimensional spaces which will yield the stated results as a simple consequence.
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Definition 2.1. The norms ‖.‖1 and ‖.‖2 on a vector space X are defined
to be equivalent if the topologies generated by the metrics induced by each
of them are coincident.

Proposition 2.2. The norms ‖.‖1 and ‖.‖2 are equivalent on X if and only
if ∃ c1, c2 > 0 such that

c1‖x‖1 ≤ ‖x‖2 ≤ c2‖x‖1, ∀x ∈ X. (6)

Proof. Necessity: Assume that ‖.‖1 and ‖.‖2 are equivalent and consider the
identity map

i : (X, ‖.‖1)→ (X, ‖.‖2)

i(x) = x.

The given condition yields that i is continuous as a linear and therefore, by
Theorem 1.1, ∃ c2 > 0 such that

‖x‖2 = ‖i(x)‖2 ≤ c‖x‖1, ∀x ∈ X.

This gives the right side of the desired inequality. Interchanging the roles of
‖x‖1 and ‖x‖2 gives the other inequality.
Conversely, to show that the norms ‖.‖1 and ‖.‖2 are equivalent, it suffices
to show that i given above is continuous. Indeed, let xn → 0 in (X, ‖.‖1) and
fix ε > 0 arbitrarily. Then (6) gives:

‖xn‖2 ≤ c2‖xn‖1 ≤ c2
ε

c2

= ε, ∀n > N.

Here N has been chosen so that ‖xn‖1 < ε/c2, ∀n > N. This gives xn → 0
in (X, ‖.‖2) which shows that i is continuous. In a similar manner, we can
show that i : (X, ‖.‖2) → (X, ‖.‖1) is continuous. Since i = i−1 it follows
that is a homeomorphism yielding thereby that the topologies induced by
the given norms are coincident.

Theorem 2.3. B (ln∞) =
{
x̄ ∈ Rn : max

1≤i≤n
|xi| ≤ 1

}
is compact.

Proof. Since we are dealing with metric spaces, it suffices to show that B (ln∞)
is sequentially compact. To this end, let (x(m))∞m=1 be a sequence in B (ln∞) .
There exist M > 0 such that

|x(m)
i | ≤ ‖x(m)‖ ≤M, ∀m > 1, ∀ 1 ≤ i ≤ n
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where x(m) = (x
(m)
i )∞i=1. Thus, for each 1 ≤ i ≤ n, the sequence (x

(m)
i )∞m=1 is a

bounded sequence of real numbers and by the Bolzano-Weierstrass theorem,

(x
(m)
1 )∞m=1 has a convergent subsequence

(
x

(m1
k)

1

)∞
k=1

. Let x
(m1

k)
1

k−→ x1 ∈ R.
Now,

(
x

(m1
k)

2

)∞
k=1

being bounded has a subsequence which converges to x2,
say. Passing to the corresponding subsequence of (m1

k)
∞
k=1 yields a single

subsequence (mk) of N such that

x
(mk)
1

k−→ x1, x
(mk)
2

k−→ x2.

Repeating this procedure for i = 1, 2, · · · , n yields a single subsequence,
denoted again by (mk) such that

x
(mk)
i

k−→ xi, 1 ≤ i ≤ n.

⇒ ‖x(mk) − x̄‖∞ = max
1≤i≤n

|x(mk) − xi| → 0

as k → ∞ where x̄ = (xi)
n
i=1 ∈ B (ln∞) . In other words, the subsequence

(x(mk))∞k=1 converges to x̄ in B (ln∞) and this completes the proof.

As a corollary, we obtain

Proposition 2.4. All norms on a finite dimensional space are equivalent.

Proof. Assume that dimX = n and pick a (Hamel) Basis (e1)ni=1 in X. We
define for each x =

∑n
i=1 αiei ∈ X (αi ∈ R, 1 ≤ i ≤ n), the function:

‖x‖0 = max
1≤i≤n

|αi|.

It is easily seen that ‖.‖0 defines a norm on X (verify!). Let ‖.‖ be any norm
on X. We show that ‖.‖ and ‖.‖0 are equivalent and therefore, by transitivity,
on any two norms on X are equivalent.
Now, for any x ∈ X,

‖x‖ =

∥∥∥∥ n∑
i=1

αiei

∥∥∥∥ ≤ n∑
i=1

|αi|‖ei‖

≤max
1≤i≤n

|αi|.
n∑
i=1

‖ei‖

=M‖x‖0

(
M =

n∑
i=1

‖ei‖

)
.
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Define f : S0 → R by f(x) = ‖x‖ where S0 = {x ∈ X; ‖x‖0 = 1}.
Now, for x, y ∈ S0, we have

|f(x)− f(y)| = |‖x‖ − ‖y‖|
≤ ‖x− y‖

=

∥∥∥∥ n∑
i=1

αiei −
n∑
i=1

βiei

∥∥∥∥
=

∥∥∥∥ n∑
i=1

(αi − βi)ei
∥∥∥∥

≤ max
1≤i≤n

|αi − βi|
n∑
i=1

‖ei‖

= M.‖x− y‖0.

This shows that f is (uniformly) continuous on S0. Further (X, ‖.‖0) is iso-
metric with ln∞ via

X 3 x =
n∑
i=1

αiei → (αi)
n
i=1 ∈ ln∞.

In particular, B(X0) = {x ∈ X; ‖x‖0 ≤ 1} is homeomorphic with B(ln∞)
which is compact by virtue of Theorem 2.3. Thus, being continuous on the
compact subset S0 of B(X0), f attains its bounds on S0, say m and M :

m ≤ f(x) ≤M, ∀x ∈ S0.

Since 0 /∈ S0, m 6= 0, M 6= 0. Finally, let x( 6= 0) ∈ X. Then x/‖x‖0 ∈ S0 and
the above estimate gives:

m‖x‖0 ≤ ‖x‖ ≤M‖x‖0

which shows that ‖.‖ and ‖.‖ are equivalent. (The right hand side of the
above inequality was also shown independently on the last page).

Corollary 2.5. All finite dimensional normed spaces are Banach spaces.

Proof. Let X be a normed linear space that dimX = n <∞. Let ‖.‖1 be the
given norm on X and let ‖.‖0 be the norm on X as defined in Proposition
2.4. Since ‖.‖1 and ‖.‖0 are equivalent and (X, ‖.‖0) is isometric with ln∞
which is complete, it follows that ‖.‖ is complete as well.
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Corollary 2.6. A finite dimensional subspace of a normed space is always
closed.

Proof. By Corollary 2.5, a finite dimensional space is complete and hence
closed.

Corollary 2.7. A linear operator on a finite dimensional normed space is
always continuous.

Proof. Let dimX <∞ and let ‖.‖ be the given norm on X. Let T : X → Y
be a linear operator. Define, for x ∈ X,

‖x‖1 = ‖x‖+ ‖T (x)‖.

Then ‖.‖1 defines another norm on X which is equivalent to the given norm
‖.‖, by Proposition 2.4. Thus, ∃ c > o such that ‖T (x)‖ ≤ ‖x‖ + ‖T (x)‖ =
‖x‖1 ≤ c‖x‖, ∀x ∈ X. Theorem 1.1 shows that T is continuous.

It is well known that vector spaces of the same dimension are isomophic
as vector spaces. In the next result we show that finite dimensional Banach
spaces of the same dimension are even linearly homeomorphic in the sense
that a vector space isomorphism between them is continuous in both direc-
tions.

Corollary 2.8. Let X and Y be Banach spaces such that dimX = dimY <
∞. Then every vector space isomorphism between X and Y is also a linear
homeomorphism.

Proof. Let T : X → Y be any given vector space isomorphism. Then T is
continuous on X and so is T−1 : Y → X, by virtue of Corollary 2.7.

We conclude this lecture with

Theorem 2.9. A normed linear space is finite dimensional if and only if its
closed unit ball is compact.

Proof. Assume that dimX = n < ∞. Then X is linearly homeomorphic
with, say ln∞ for which B(ln∞) is compact as was shown in Theorem 2.3. In
particular, B(X) is compact.
Conversely, assume thatB(X) is compact and, in particular, totally bounded.
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Thus B(X) has a finite 1
2
-net, say (xi)

∞
i=1 ⊂ B(X).

Claim: M = span [xi]
n
i=1 = X.

Assume, to the contrary, that ∃x ∈ X such that x /∈ M. Put d = inf{‖x −
y‖; y ∈M}. Then d > 0, for otherwise, ∃ (yn) ⊂M such that yn

n−→ x. Since
M is finite dimensional, Corollary 2.6 shows that M is closed and, therefore,
x ∈M which contradicts the choice of x. Now, choose y0 ∈M such that

‖x− y0‖ ≤
3d

2
.

Put x0 = x−y0
‖x−y0‖ , then x0 ∈ B(X). Finally, for 1 ≤ i ≤ n, we have

‖x0 − xi‖ =
‖x− y0 − (‖x− y0‖)xi‖

‖x− y0‖
≥ d× 2

3d
=

2

3
>

1

2

which contradicts that (xi)
n
i=1 is a 1

2
-net for B(X).
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3 Fundamental theorems of

Functional Analysis-I

We shall begin with the first fundamental theorem- the uniform boundedness
principle-(UBP) and use it to prove Banach-Steinhauss theorem for opera-
tors acting on Banach spaces. The three other fundamental theorems to be
proved later in the lecture are:
1. Hahn-Banach Theorem
2. Open Mapping Theorem
3. Closed Graph Theorem
In the proof of the first fundamental theorem (UBP) and Open Mapping
Theorem/Closed Graph Theorem, we shall make use of

Theorem 3.1 (Baire’s Category Theorem). Every complete metric space is
of second category.

Here, second category is meant in the sense that the space X is not
of first category, which means that X cannot be written as countable union
of nowhere dense set. We recall that a subset A ⊆ X is nowhere dense if
(Ā)◦ = φ. For example, {1/n}∞n=1, N, Z are all nowhere dense whereas Q is
not. However, Q◦ = φ !.

Theorem 3.2 (Uniform Boundedness Principle (UBP)). Let {Tα}α∈Λ be a
family of bounded linear maps defined on a Banach spaces X and taking
values in a normed linear space Y such that {Tα(x)}α∈Λ is bounded in Y, ∀x ∈
X. Then {Tα}α∈Λ is bounded as a subset of L(X, Y ).

Proof. For each n ≥ 1, define

An = {x ∈ X; ‖Tα(x)‖ ≤ n, ∀α ∈ Λ}.

Then, by the given condition, we can write

X =
∞⋃
n=1

An.

Since An =
⋂
α∈Λ

f−1
α ([0, n]), where fα(x) = ‖Tα(x)‖, x ∈ X, it follows that

An as an intersection of closed subsets is closed and, therefore, by Baire’s
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Category Theorem 3.1, ∃m such that A◦m = (Ām)◦ 6= φ. Choose x0 ∈ Am
and r > 0 such that Sr(x0) ⊂ Am. Let x ∈ X, ‖x‖ ≤ 1. Then y = rx

2
+ x0 ∈

Sr(x0) ⊂ Am. By definition of Am, we get

‖Tα(y)‖ ≤ m, ∀α ∈ Λ,

⇔
∥∥∥∥r2Tα(x) + Tα(x0)

∥∥∥∥ ≤ m, ∀α ∈ Λ.

Simplifying, we get

‖Tα(x)‖ ≤ 2

r

(
‖Tα(x0)‖+m

)
≤ 4m

r
, ∀α ∈ Λ.

which means that {Tα}α∈Λ is bounded in L(X, Y ).

Corollary 3.3. For each n ≥ 1, let Tn : X → Y be a bounded linear map
where X is a Banach space, Y a normed linear space such that Tn(x)

n−→
T (x), for each x ∈ X. Then T is a bounded linear map.

Proof. Since Tn(x)
n−→ T (x), ∀x ∈ X, it follows that {Tn(x)}∞n=1 is bounded

in Y for each x ∈ X. By (UBP) applied to {Tn} and the Banach space X,
∃ c > 0 such that

‖Tn‖ ≤ c, ∀n ≥ 1.

Finally, using the fact that the norm defines a continuous function, we see
that for each x ∈ X,

‖T (x)‖ =
∥∥∥ lim
n→∞

Tn(x)
∥∥∥

= lim
n→∞

‖Tn(x)‖

≤ lim
n→∞
‖Tn‖ ‖x‖

≤c‖x‖,

which shows that T is continuous.

Remark 3.4. Corollary 3.3 is referred to as the Banach Steinhauss Theorem.
In the next example, we show that completeness of the domain space X is
necessary both for the truth of the (UBP) and of Banach Steinhauss Theo-
rem.
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Example 3.5. Consider X = (l1, ‖.‖∞), Y = R where

‖x̄‖∞ = sup
n≥1
|xn|, x̄ = (xn) ∈ l1.

Define a linear functional Tn : X → R by

Tn(x̄) =
n∑
i=1

xi, x̄ = (xi)
∞
i=1, n ≥ 1.

Tn is clearly linear and continuous.

|Tn(x̄)| ≤
n∑
i=1

|xi| ≤ n sup
1≤i≤n

|xi| ≤ n ‖x‖∞, ∀ x̄ ∈ X.

Letting T (x̄) =
∑∞

i=1 xi, we note that Tn(x̄) → T (x̄), ∀ x̄ = (xi) ∈ l1.

However, taking x̄ = (

n places︷ ︸︸ ︷
1, 1, · · · , 1, 0, 0, · · · ) ∈ X, we see that

(a) ‖Tn‖ ≥ |Tn(x̄)| = n, ∀n ≥ 1, which shows that (UBP) does not hold.
On the other hand, assuming that T is continuous gives c > 0 such that

‖T (x)‖ ≤ c‖x‖, ∀n ≥ 1.

Choose x̄ ∈ X as above, this leads to n ≤ c, ∀n ≥ 1. which is absurd. This
means that
(b) T is not continuous and, thus, Banach Steinhauss does not hold in this
case.

4 Hahn-Banach Theorem (Extension Form)

We shall now prove the Hahn-Banach Extension theorem which is perhaps
one of the most important theorems of linear functional analysis. Roughly
speaking, the theorem says that every continuous linear functional on a sub-
space of a normed space is the restriction of a continuous linear functional on
the whole space. The proof is based on an important variant of the axiom of
choice-Zorn’s Lemma which states that a partially ordered set in which every
totally ordered set (chain) has an upper bound contains a maximal element.
First some definitions.
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Definition 4.1. A fucntion p : X → R+ defined on a linear space X is called
a sublinear functional (resp. semi-norm) if
(i) p(x+ y) ≤ p(x) + p(y), ∀x, y ∈ X
(ii) p(αx) = αp(x), ∀α > 0 (resp. p(αx) = |α| p(x), ∀α ∈ C).

Notation: For a given function p, q on X, we shall write p ≤ q on Y ⊆ X if
p(y) ≤ q(y), ∀ y ∈ Y.
Theorem 4.2 (Hahn-Banach Theorem). Assume that
(i) X is a real vector space and Y ⊆ X is a subspace.
(ii) p is a sublinear functional on X.
(iii) g is a linear functional on Y such that g(y) ≤ p(y) on Y.
Then there exists a linear functional f on X such that
(iv) f(y) = g(y), ∀ y ∈ Y (i.e; f |Y = g).
(v) f(x) ≤ p(x), ∀x ∈ X.
Proof. We define a family:

F =
{

(H, h); H is a subspace of X containing Y, h is a linear functional

on H such thath|Y = g, h(x) ≤ p(x), ∀x ∈ H
}
.

Clearly, F is non-empty
(
(Y, g) ∈ F

)
.

A partial ordering ‘4’ on F is defined as follows:

(H1, h1) 4 (H2, h2) iff H1 ⊆ H2 and h2|H1 = h1.

It is easy to see that every chain in F has an upper bound. Indeed, let
C = {(Hi, hi); i ∈ Λ} be a chain in F . Then H0 =

⋃
i∈ΛHi is a subspace of

X containing Y and h0 is defined by

h0(x) = hi(x), ifx ∈ Hi (forx ∈ H)

is a linear functional on H0 such that h0|Hi
= hi and h0 ≤ p on H0. By Zorn’s

Lemma, it has a maximal element (F, f), say!
Claim: F = X.
Suppose not! Then there exists x0 ∈ X such that x0 /∈ F.
Set H = F ⊕ [x0] = {x+ αx0; x ∈ F, α ∈ R}.
Let x, y ∈ F, then

f(x+ y) ≤ p(x+ y)

i.e; f(x) + f(y) ≤ p(x− x0) + p(x0 + y)

⇒ f(x)− p(x− x0) ≤ p(x0 + y)− f(y).
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Taking supremum over x ∈ F and infimum over y ∈ F gives

a = sup
x∈F

{
f(x)− p(x− x0)

}
≤ inf

y∈F

{
p(x0 + y)− f(y)

}
= b.

Choose c ∈ R such that a ≤ c ≤ b and define for z = x + αx0 ∈ H,
(x ∈ F, α ∈ R),

h(z) = f(x) + α c.

Then h is linear on H and h|F = f. To show that h ≤ p on H, we see that
for α > 0,

h(z) = f(x) + α c

= α
[
f
(x
α

)
+ c
]

≤ α
[
f
(x
α

)
+ p

(
x0 +

x

α

)
− f

(x
α

)]
= α p

(
x0 +

x

α

)
= p(αx0 + x) = p(z)

and if α < 0, we have

h(z) = f(x) + α c

= |α|
[
f

(
x

|α|

)
+ c

]
≤ |α|

[
f

(
x

|α|

)
+ p

(
x

|α|
− x0

)
− f

(
x

|α|

)]
= |α| p

(
x

|α|
− x0

)
= p(x+ αx0) = p(z).

This shows that (H, h) ∈ F and (F, f) 4 (H, h). Since F 6= H, the maxi-
mality of (F, f) leads to a contradiction. This gives F = X and, therefore,
f is a desired extension.

Corollary 4.3. Theorem 4.2 holds for complex space X equipped with a semi
norm p.
In other words, assume that
(i) X is a complex vector space and Y ⊂ X is a subspace
(ii) p is a semi norm on X
(iii) g is a C-linear functional on Y such that |g(y)| ≤ p(y), ∀ y ∈ Y.
Then ∃ a C-linear functional f on X such that
(iv) f(y) = g(y), ∀ y ∈ Y
(v) |f(x)| ≤ p(x), ∀x ∈ X.
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Proof. We can write
g = u+ i v,

where u and v are real (linear functionals on Y ). Since g(ix) = ig(x), we get
v(x) = −u(ix). This gives:

g(y) = u(y)− i u(iy), ∀ y ∈ Y.

Now, u(y) ≤ |u(y)| ≤ |g(y)| ≤ p(y), ∀ y ∈ Y, so that by real Hahn-Banach
Theorem 4.2, ∃w ∈ X∗ such that w|Y = u and w ≤ p on X. Setting f(x) =
w(x)− iw(ix), for x ∈ X, we see that
(a) f is C-linear on X
(b) f(y) = w(y)− iw(iy) = u(y)− iu(iy) = g(y), ∀, Y
(c) |f(x)| ≤ p(x), ∀x ∈ X.
Indeed, we can choose λ ∈ C, |λ| = 1 such that

|f(x)| = λf(x) = f(λx) = w(λx) ≤ p(λx) = |λ|p(x) = p(x).

This proves (iv) and (v) and the proof is complete.

Corollary 4.4. Let X be a normed linear space and x( 6= 0) ∈ X. Then ∃ a
continuous linear functional f on X such that ‖f‖ = 1 and f(x) = ‖x‖.

Proof. Put Y = [x] = span(x) = {αx; α ∈ K} and p(x) = ‖x‖, x ∈ X.
Define g on Y such that

g(αx) = α ‖x‖.

Clearly, g is linear functional on Y and

|g(y)| = |g(αx)| = |α| ‖x‖ = ‖αx‖ = p(αx) = p(y) for y ∈ Y.

By Corollary 4.3, ∃ f ∈ X∗ such that f |Y = g and |f(x)| ≤ p(x) = ‖x‖, ∀x ∈
X. This shows that f is continuous on X, f(x) = g(x) = ‖x‖ and ‖f‖ ≤ 1.

Since ‖f‖ ≥
∣∣∣f ( x

‖x‖

)∣∣∣ =
∣∣∣g ( x

‖x‖

)∣∣∣ = 1 for x( 6= 0) ∈ Y, we see that ‖f‖ =

1.

Corollary 4.5. For a normed linear space X 6= (0), it follows that X∗ 6= (0).

Corollary 4.6. Given x, y ∈ X, then f(x) = f(y), ∀ f ∈ X∗ ⇒ x = y.

Proof. Suppose z = x − y 6= 0. By Corollary 4.4, ∃ f ∈ X∗ such that
f(z) = ‖z‖ 6= 0 i.e; f(x) 6= f(y), contradicting the hypothesis.
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Corollary 4.7. Given a closed subspace Y of a normed linear space X and
x0 /∈ Y, ∃ f ∈ X∗ such that f(Y ) = 0 and f(x0) 6= 0.

Proof. Put d = d(x0, Y ) = inf{‖x0 − y‖; y ∈ Y } then d > 0, because Y is
closed. Put Z = Y ⊕ [x0] and for z = y + αx0 ∈ Z, define

g(z) = α d.

Then g is linear on Z such that

|g(z)| = |α| d

≤ |α|
∥∥∥∥x0 +

y

|α|

∥∥∥∥
= ‖αx0 + y‖ = ‖z‖.

By Corollary 4.3, ∃ f ∈ X∗ such that f |Z = g. In particular, f(y) = g(y) = 0
for y ∈ Y and f(x0) = g(x0) = d 6= 0.

Corollary 4.8. For x ∈ X, ‖x‖ = sup
‖f‖≤1

|f(x)|.

Proof. We have,

|f(x)| ≤ ‖f‖.‖x‖ ≤ ‖x‖, for ‖f‖ ≤ 1.

Taking supremum gives:
sup
‖f‖≤1

|f(x)| ≤ ‖x‖.

To show reverse inequality, Corollary 4.4 gives f ∈ X∗ such that ‖f‖ = 1
and |f(x)| = ‖x‖. This gives

‖x‖ ≤ sup
‖f‖≤1

|f(x)|.

Corollary 4.9. For a normed linear space X and x ∈ X,

‖Fx‖ = ‖x‖

where Fx(f) = f(x), f ∈ X∗.
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Proof. Since |Fx(f)| = |f(x)| ≤ ‖f‖f.‖x‖, it follows that Fx is a continuous
linear functional on X∗ such that ‖Fx‖ ≤ ‖x‖. For the reverse inequality,
Corollary 4.4 gives f ∈ X∗, ‖f‖ = 1 such that f(x) = ‖x‖. This leads to

‖x‖ = |f(x)| = |Fx(f)‖ ≤ ‖Fx‖,

so that, upon combining the two inequalities, we get ‖x‖ = ‖Fx‖.

Corollary 4.10. Let A ⊆ X be a subset of a normed linear space X. Then
A is bounded if and only if f(A) is bounded, ∀ f ∈ X∗.

Proof. Assume that A is bounded. Thus ∃ c > 0 such that ‖x‖ ≤ c, ∀x ∈ A.
Let f ∈ X∗, then for x ∈ A, we have

|f(x)| ≤ ‖f‖.‖x‖ ≤ c ‖f‖.

i.e; f(A) is bounded (as a set of scalars).
Conversely, assume that ∀ f ∈ X∗, ∃ c > 0 such that

|f(x)| ≤ c, ∀x ∈ A.

Consider the family {Fx;x ∈ A} of bounded linear functionals on the Banach
space X∗. Now, ∀ f ∈ X∗, {Fx(f); x ∈ A} = {f(x); x ∈ A} is bounded. By
the (UBP), {Fx; x ∈ A} is bounded as a subset of X∗∗. Thus ∃M > 0 such
that by Corollary 4.9,

‖x‖ = ‖Fx‖ ≤M, ∀x ∈ A,

which shows that A is bounded in the normed linear space X.

Corollary 4.11. L(X, Y ) is Banach space if and only if Y is Banach pro-
vided X 6= (0).

Proof. We have already shown that Y is Banach space⇒ L(X, Y ) is Banach
space. Conversely, assume that L(X, Y ) is Banach space. If Y = (0), there
is nothing to prove. Otherwise, choose y(6= 0) ∈ Y such that ‖y0‖ = 1. By
Corollary 4.4, ∃ f ∈ X∗, ‖f‖ = 1 such that f(y0) = ‖y0‖ = 1. Let {yn} be a
Cauchy sequence in Y. Define Tn(x) = f(x) yn x ∈ X, n ≥ 1. Then Tn is a
bounded linear map on X into Y. Now,

‖Tm(x)− Tn(x)‖ = ‖f(x)(ym − yn)‖
≤ ‖ym − yn‖, for ‖x‖ ≤ 1.
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This shows that Tn is Cauchy and hence convergent in L(X, Y ) which is
assumed to be complete. Let Tn

n−→ T ∈ L(X, Y ). Then, in particular,

yn = Tn(y0)
n−→ T (y0) ∈ Y,

and this completes the proof.
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5 Fundamental theorems of

Functional Analysis-II

Closed Graph Theorem

Definition 5.1. Given a map f : X → Y between topological spaces X
and Y, we say f has a closed graph if the graph of f :

G(f) :=
{(
x, f(x)

)
;x ∈ X

}
is a closed subset of X × Y.

Exercise 5.2. Show that a continuous map has a closed graph.

However, a closed graph mapping may not be continuous. For exam-
ple, the identity map i : R → (R,D) has a closed graph but is obviously
not continuous. Here R is the set of real numbers equipped with its usual
topology whereas (R,D) is R in its discrete topology.

The third fundamental theorem-the so-called Closed Graph Theorem
(CGT), tells us that a linear closed graph mapping between Banach spaces
is always continuous. However, we will also see that the result breaks down
if the spaces involved are assumed to be incomplete.
First a small lemma.

Lemma 5.3. Suppose C is a convex subset of a normed space such that
C = (−1)C. If C has an interior point, then C includes zero also as an interior
point.

Proof. Assume that ∃ r > 0 such that Sr(x0) ⊂ C. For x such that ‖x‖ ≤ 2r,
we have

x =
(
x0 +

x

2

)
−
(
x0 −

x

2

)
∈ Sr(x0)− Sr(x0) ⊆ C − C = C + C.

But C + C = 2 C, for if u, v ∈ C, then

u+ v = 2

(
1

2
u+

1

2
v

)
∈ 2 C.

This gives x ∈ 2 C, i.e; S2r(0) ⊆ 2C, which implies that Sr(0) ⊆ C.

19



Theorem 5.4. Let X and Y be Banach spaces and T : X → Y a linear
map. Then T is continuous if and only if T has a closed graph.

Proof. We have already noted (Exercise 5.2) that if T is continuous, then it
has a closed graph.
Conversely, we assume that T has a closed graph and show that it is contin-
uous.
Define C = {x ∈ X; ‖T (x)‖ < 1}. Since T is linear, we have X =

⋃∞
n=1 n C.

Applying Baire’s category theorem to the complete (normed) space X, ∃
m > 1 such that m C = m C has an interior point and so mC̄, and, there-
fore, C has an interior point. Since, C is convex and (−1)C = C, it follows
by Lemma 5.3 that ‘0’ is an interior point of C. Thus, ∃ r > 0 such that
Sr(0) ⊂ C which implies

Sα r(0) ⊂ α C = α C, ∀α > 0. (7)

We now fix 0 < ε < 1 and pick up x ∈ X, such that ‖x‖ < r. Then x ∈ C.
Thus, ∃ x1 ∈ C such that ‖x− x1‖ < ε r. Now, x− x1 ∈ Sε r(0) so, by (7), ∃
x2 ∈ ε C such that ‖x− x1 − x2‖ ≤ ε2r. Proceeding inductively, ∃ a sequence
{xn} such that ∥∥∥∥∥x−

n∑
i=1

xi

∥∥∥∥∥ ≤ εnr and xn ∈ εn−1 C. (8)

Let sn =
∑n

i=1 xi. By (8), we get

sn → x and ‖T (xn)‖ < εn−1, ∀n ≥ 1. (9)

Further, {T (sn)} is a Cauchy sequence in Y since (9) implies that for m > n,

‖T (sm)− T (sn)‖ =

∥∥∥∥∥
m∑

i=n+1

T (xi)

∥∥∥∥∥ ≤
m∑

i=n+1

‖T (xi)‖

<
m∑

i=n+1

εi−1 <
εn

1− ε
→ 0

as n→∞. By the completeness of Y, ∃ y ∈ Y such that T (sn)→ y. Since T

20



has a closed graph, we get y = T (x). This gives

‖T (x)‖ = ‖y‖ =
∥∥∥ lim
n→∞

T (sn)
∥∥∥

= lim
n→∞
‖T (sn)‖

≤
∞∑
n=1

‖T (xn)‖ < 1

1− ε
.

Finally, given x( 6= 0) ∈ X, we have v = rx
2‖x‖ ∈ X such that ‖v‖ < r

2
< r. By

the above estimate, we get

‖T (v)‖ < 1

1− ε
.

Equivalently,

‖T (x)‖ < 2

r(1− ε)
‖x‖,

which means that T is continuous.

We derive the ’Open Mapping Theorem’ as a Corollary to the Closed
graph theorem. Before we do that, we state a useful result as an exercise
whose proof is left to the reader.

Exercise 5.5. Prove that a bijective mapping between topological spaces has
a closed graph if and only if its inverse has a closed graph.

Combining the above exercise with Theorem 5.4 yields

Theorem 5.6 (Inverse Mapping Theorem). A bijective continuous linear
mapping between Banach spaces has a continuous inverse.

Proof. Let T : X → Y be a bijective continuous linear map acting between
Banach spaces X and Y. Consider the inverse map T−1 : Y → X. Since T is
given to be continuous, it has a closed graph, so T−1 has a closed graph as
well. By the Closed Graph Theorem, T−1 is continuous.

Corollary 5.7 (Open Mapping Theorem). A surjective continuous linear
map between Banach spaces is an open map. i.e; it maps open sets onto open
sets.
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Proof. Let T : X → Y be the given surjective continuous linear map. Let
M = KerT = {x ∈ X;T (x) = 0}. Then M is closed subspace of X such
that the ‘quotient map’ φ : X → X/M is a continuous linear map which is
also open. Consider the map T̂ : X/M → Y, defined by T̂ (x + M) = T (x).
T̂ is clearly a (well-defined) continuous bijective linear map. Since X/M is
a Banach space under the ‘quotient norm’, the ‘Inverse Mapping Theorem’
(Theorem 5.6) applies to conclude that T̂ is an open map. Since T = T̂ ◦ φ
and each of the maps on the right is open, it follows that T is an open
map.

Corollary 5.8. Let X be a vector space and let ‖.‖1 and ‖.‖2 be complete
norms on X such that (X, ‖.‖1)∗ = (X, ‖.‖2)∗. Then ‖.‖1 and ‖.‖2 are equiv-
alent.

Proof. Let τ1 and τ2 be the topologies on X induced by ‖.‖1 and ‖.‖2, re-
spectively. We show that τ1 = τ2. Consider the identity map

i : (X, τ1)→ (X,ω)

where ω is the ‘weak topology’ on X, generated by the dual (X, ‖.‖2)∗ of X
with respect to ‖.‖2. Thus, xn

n−→ x in (X,ω) if and only if f(xn)
n−→ f(x)

for all f ∈ (X, ‖.‖2)∗.
Claim: i has a closed graph.
Let xn → x in (X, τ1). In particular, f(xn)

n−→ f(x) ∀ f ∈ (X, ‖.‖1)∗ =
(X, ‖.‖2)∗. Thus xn

n−→ x in (X,ω). This shows that i is continuous and,
therefore, has a closed graph. Since a mapping having a closed graph retains
its property whenever the topologies on the domain/range are strengthened,
it follows that i(X, τ1)→ (X, τ2) has a closed graph (ω ⊂ τ2) and, therefore,
by the Closed Graph Theorem, i is continuous. This means that τ2 ⊆ τ1.
By exchanging the roles of ‖.‖1 and ‖.‖2, we can show that τ1 ⊆ τ2 and this
completes the proof.

We now demonstrate by counterexamples that the assumption of com-
pleteness, both on the domain as well as on the range space is necessary for
the truth of the Open Mapping Theorem and the Closed Graph Theorem.

Example 5.9. Let

X = C1[0, 1] =
{
f ∈ C[0, 1]; f ′ exits and is continuous on[0, 1] with f(0) = 0

}
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be equipped with the norm induced from C[0, 1] :

‖f‖ = sup
x∈[0,1]

|f(x)|.

Let Y =
(
C[0, 1], ‖.‖∞

)
, equipped with the usual sup-norm. Consider the

map
T : X → T defined by T (f) = f ′.

Clearly, T is a linear map. We see that T has a closed graph. For if fn → f in
X such that f ′n = T (fn)→ g in Y, then f ′ exists and f ′ = g. In other words,
T (f) = g, so that T has a closed graph. However, T is not continuous. For,
otherwise, ∃ c > 0 such that

‖f ′‖ = ‖T (f)‖ ≤ c‖f‖, ∀ f ∈ X. (10)

Take fn ∈ X where fn(t) = tn, n ≥ 1. Then (10) applied to f = fn gives:

‖ntn−1‖ ≤ c‖tn‖∞, ∀n ≥ 1

⇒ n ≤ c, ∀n ≥ 1, which is absurd.
In other words, T is not continuous. This shows that completeness of the
domain space is necessary for the truth of the Closed Graph Theorem.
We now ‘turn around’ the above example to show that completeness of the
range space is necessary in the ‘open mapping’/’inverse mapping‘ theorem.
To do this, we note that the example givne above in Example 5.9 is a ‘dif-
ferential operator ’. For the next counterexample, we consider the ‘integral
operator’ T : C[0, 1]→ C1[0, 1] defined by

T (f)(x) :=

x∫
0

f(t)dt, f ∈ C[0, 1], x ∈ [0, 1].

By the ‘Fundamental Theorem of Calculus’, the indefinite integral of a con-
tinuous function is everywhere differentiable (with the given continuous func-
tion as its derivative). This shows that T is a well-defined continuous linear
operator which is also surjective. Let X = C[0, 1]/KerT and consider the
induced map T̂ : X → C1[0, 1] which is clearly a bijective continuous linear
map. However, (T̂ )−1 is not continuous. After all, (T̂ )−1 is the ‘differential
operator’ D of Example 5.9:

D(f) = f ′

which was shown to be discontinuous.
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Example 5.10. We now show that the assumption of completeness of the
range space in the Open Mapping Theorem (equivamently Inverse Mapping
Theorem) and of the domain space in the Closed Graph Theorem cannot
be dropped in the statement of these theorems. Both these objectives are
achieved in the following counterexample:
Let X be an infinite dimensional separable Banach space and let Y denote
the space X but equipped with a different norm. To be specific, we fix a
(Hamel) Basis {eα}α∈Λ of X and define for x ∈ X,

‖x‖0 =
∑
i∈Λ

|αi|, x =
∑
i∈Λ

αiei, αi ∈ K, i ∈ Λ.

Without loss of generality, we can assume that ‖eα‖ = 1,∀α ∈ Λ. Now,
noting that

‖i(x)‖ = ‖x‖ =

∥∥∥∥∥∑
i∈Λ

αiei

∥∥∥∥∥ ≤∑
i∈Λ

|αi| = ‖x‖0, ∀x ∈ Y,

we see that the identity map i : Y → X is continuous. However, i−1 : X → Y
is not continuous for otherwise, Y as a homeomorphic copy of X would be
separable too because X is assumed to be separable. Thus, let {xn} be a
countable dense subset of Y. Now for α 6= β, α, β ∈ Λ, we see that

‖eα − eβ‖0 = 2. (11)

For 0 < r < 1, (11) yields that

Sr(eα) ∩ Sr(eβ) = φ. (12)

Since {xn} is dense, we see that ∀α ∈ Λ, ∃n ≥ 1 such that xn ∈ Sr(eα). Us-
ing the fact that Λ is uncountable (see the next theorem), by the Pigeon-Hole
Principle, ∃α 6= β ∈ Λ and n ≥ 1 such that xn ∈ Sr(eα) and xn ∈ Sr(eβ)
which contradicts (12).
The above example shows that the completeness of the domain is necessary
in the ‘Inverse Mapping Theorem ’. To show that the assumption of com-
pleteness is also necessary in the ‘Closed Graph Theorem’, we again consider
the mapping

i : X → Y, i(x) = x, ∈ X.
As seen above, i−1 = i : Y → X being continuous has a closed graph, so that
by virtue of Exercise 5.5, i = (i−1)−1 : X → Y has a closed graph as well.
But i is not continuous as was shown above. This completes the argument.
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We now give a proof of the statement used in the above counterexample.

Theorem 5.11. Let X be an infinite dimensional Banach space. Then
dimX ≥ c.

Proof. Assume the contrary. Thus we can choose a countable (Hamel) Basis
{xn}∞n=1 in X. For n ≥ 1, let Mn = span [xi]

n
i=1. Then Mn is a closed subspace

of X such that X =
⋃∞
n=1Mn. Appealing to Baire’s Category Theorem ap-

plied to the complete (metric) space X, ∃m ≥ 1 such that M◦
m = (M̄m)◦ 6= φ.

Thus ∃x0 ∈Mm and r > 0 such that Sr(x0) ⊂Mm. Further, let x(6= 0) ∈ X.
Then y = rx

2‖x‖ + x0 ∈ Sr(x0) ⊂ Mm. Since Mm is a subspace, it follows
that x ∈Mm, which yields that X = Mm is finite dimensional, contradicting
the infinite dimensionality of x. In other words, X is uncountable dimen-
sional.

Exercise 5.12. Let ‖.‖1 and ‖.‖2 be complete norms defined on X such that
‖.‖1 ≤ ‖.‖2, ∀x ∈ X. Prove that ∃ c > 0 such that ‖x‖2 ≤ c‖x‖1, ∀x ∈ X.
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6 Weak and Weak∗ topologies

Theorem 6.1. A linear map T : X → Y acting between normed linear spaces
X and Y is ‖.‖ − ‖.‖ continuous if and only if it is weak-weak continuous.

Proof. Assume that T is norm-continuous and let xα
α−→ 0 weakly in X.

Then f(xα)
α−→ 0, ∀ f ∈ X∗ and, therefore, if g ∈ Y ∗, then g ◦ T (xα)

α−→ 0.
In other words, T (xα)

α−→ 0, weakly in Y ∗.
Conversely, assume that T is weak-weak continuous. We show that T (BX)
is norm-bounded in Y. By Uniform boundedness principle, it suffices to show
that T (BX) is weakly bounded in Y. Thus let g ∈ Y ∗. Now, T : X → Y is, in
particular, ‖.‖ − w continuous and so g ◦ T is ‖.‖ continuous. Equivalently,
g ◦ T (BX) is bounded, which means that T (BX) is weakly bounded.

Theorem 6.2. Given a continuous linear functional ϕ on (X∗, ω∗), ∃x ∈ X
such that ϕ = x̂ = Fx.

Proof. Let M = Kerϕ. If M = X∗, then ϕ = 0 and so we can take x = 0.
Assume that ∃ f ∈ X∗ such that ϕ(f) = 1. Since M is closed (and convex),
∃ ω∗−ngbd. V of f such that V ∩M = φ. By definition of ω∗−topology,
∃x1, x2, · · · , xn ∈ X and ε1, ε2, · · · , εn > 0 such that

V ⊇
{
g ∈ X∗; |f(xi)− g(xi)| < εi, 1 ≤ i ≤ n

}
.

Define a map ψ : X∗ → Rn by

ψ(g) = {x̂i(g)}ni=1, g ∈ X∗.

Clearly ψ is linear and ω∗ continuous. Now ψ(f) /∈ ψ(M), for otherwise,
∃ g ∈ M such that ψ(f) = ψ(g) and so g ∈ V, a contradiction. Also,
ψ(f) 6= 0 (because ψ(M) contains 0). Assume that dimψ(M) = j < n, put
α1 = ψ(f). Let {α2, α3, · · · , αj+1} be a basis of ψ(M) and extend the linearly
independent set {α1, α2, α3, · · · , αj+1} to a basis {αi}ni=1 of Rn. Define a linear
functional p on Rn such that p(α1) = 1, p(αi) = 0, 2 ≤ i ≤ n. Clearly,
p ◦ ψ is ω∗ continuous. Then for g ∈ M, p ◦ ψ(g) = p(ψ(g)) = 0, since
ψ(g) ∈ ψ(M) = span [αi]

j+1
i=2 . Then Kerϕ = M ⊂ Ker (p ◦ ψ), so ϕ = p ◦ ψ

because ϕ(f) = 1 = p ◦ ψ(f).
Let {ei}ni=1 be the standard basis of Rn and let B = (bij) be the n × n
matrix such that ei =

∑n
j=1 bijαj, 1 ≤ i ≤ n. Then for a = (a1, a2, · · · , an) =
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∑n
i=1 aiei, we have,

p(a) =
n∑
i=1

aip(ei) =
n∑
i=1

ai

n∑
j=1

bijp(αj) =
n∑
i=1

aibi1.

This gives:

ϕ(g) = p ◦ ψ(g)

= p
(
(g(xi))

n
i=1

)
=

n∑
i=1

bi1g(xi)

=
n∑
i=1

bi1x̂i(g)

=
( n̂∑
i=1

bi1xi

)
(g)

= x̂(g), where x =
n∑
i=1

bi1xi ∈ X (g ∈ X∗).

This leads to:

Theorem 6.3 (Goldstine’s Theorem). (a) X̂ is dense in (X∗∗, ω∗)
(b) B̂X is ω∗−dense in V1, where V1 is the closed unit ball in X∗∗.

Proof. (a). Assume that X̂ = X̂
ω∗

is a proper subspace of X∗∗ and choose

ϕ ∈ X∗∗ such that ϕ /∈ X̂, which is a ω∗−closed subspace of (X∗∗, ω∗). By
the Hahn-Banach separation theorem, ∃ψ ∈ (X∗∗, ω∗)∗ such that ψ(ϕ) = 1
and ψ(x̂) = 0, ∀x ∈ X. By the previous theorem, ∃ f ∈ X∗ such that
ψ(x∗∗) = f̂(x∗∗) = x∗∗(f), ∀x∗∗ ∈ X∗∗. Hence

f(x) = x̂(f) = ψ(x̂) = 0, ∀x ∈ X.

i.e; f = 0. But ϕ(f) = f̂(ϕ) = ψ(ϕ) = 1 implies that f 6= 0, a contradiction.

Hence X̂ = X∗∗.

(b). Assume that C = B̂
ω∗

X is a proper subset of V1, so ∃ϕ ∈ V1 but ϕ /∈ C.
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Since C is closed and convex in (X∗∗, ω∗), the (HB)-separation theorem yields
ψ ∈ (X∗∗, ω∗)∗ such that ψ(c) ≤ s ≤ ψ(ϕ), ∀ c ∈ C, for some s ∈ R. Again,
by the previous theorem, ∃ f ∈ X∗ such that ψ = f̂ , i.e;

ψ(x∗∗) = f̂(x∗∗) = x∗∗(f), ∀x∗∗ ∈ X∗∗.

This gives
f(x) = x̂(f) = ψ(x̂) ≤ s, ∀x ∈ BX ,

and so, −f(x) = f(−x) ≤ s, ∀x ∈ BX . In other words,

|f(x)| ≤ s, ∀x ∈ BX

and, therefore, ‖f‖ ≤ s. But ‖ϕ‖ ≤ 1 and ϕ(f) = ψ(ϕ) > s implying that

‖f‖ ≥ |ϕ(f)| > s, a contradiction. Then B̂X = V1.

Corollary 6.4. A Banach space X is reflexive iff BX is ω−compact.

Proof. Assume thatX is reflexive. ThenBX = BX∗∗ is σ(X∗∗, X∗)−compact,
by Banach-Alaoglu theorem. But again X = X∗∗ gives that BX is σ(X,X∗)−
compact.
Conversely, assume that BX is ω−compact. By Goldstine’s Theorem, B̂X is
ω∗−dense in V1, the closed unit ball inX∗∗. By the ω−compactness of BX , B̂X

is ω∗−compact and, hence, ω∗−closed in X∗∗, implying that B̂X = B̂X = V1

which yields that X = X∗∗, so X is reflexive.
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7 Duals of some concrete Banach spaces

Definition 7.1. Given a normed space X, the (normed /topological) dual
X∗ of X is defined to be the space of all continuous linear functionals on X
equipped with the dual norm:

‖f‖ = sup
‖x‖≤1

|f(x)|.

The phrase “computing the dual of a normed space X”, shall be un-
derstood in the sense that it is possible to identify a Banach space Y which
is isometrically isomorphic with X∗. Before we identify the dual of c0 or of lp
(1 ≤ p < ∞), we note the following property of the set {en;n ≥ 1} in each
of these spaces.

Exercise 7.2 (a). For each x̄ ∈ c0, we can write

x̄ =
∞∑
n=1

xnen, x̄ = (xn) ∈ c0.

(b). For each x̄ ∈ lp (1 ≤ p <∞), we can write:

x̄ =
∞∑
n=1

xnen, x̄ = (xn) ∈ lp.

Here, as usual, en denotes the nth unit vector:

en(i) =

{
0, i 6= n

1, i = n.

Solution (a). For n ≥ 1, we have∥∥∥∥x̄− n∑
i=1

xiei

∥∥∥∥ = ‖x̄− (x1, x2, · · · , xn, 0, 0, · · · )‖

= ‖(· · · , xn+1, xn+2, · · · )‖
= sup
i≥n+1

|xi|.
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Since x̄ ∈ c0, ∀ ε > 0, ∃N such that |xi| < ε, ∀ i > N i.e; sup
i>N
|xi| < ε. Thus,

∀n > N, we have ∥∥∥∥x− n∑
i=1

xiei

∥∥∥∥ < ε,

which means that
n∑
i=1

xiei → x as n→∞. In other words,

x̄ =
∞∑
n=1

xnen.

(b). Left as exercise.

We use the above exercise to prove:

Theorem 7.3. c∗0 = l1. In other words, the dual of c0 can be isometrically
identified with l1.

Proof. We set up a bijective linear isometry

ψ : l1 → (c0)∗,

defined by ψ(ȳ) = φȳ where

φȳ(x̄) =
∞∑
n=1

xnyn, x̄ = (xn) ∈ c0

ψ is well-defined because φȳ is linear and

|φȳ(x̄)| ≤
∞∑
n=1

|xnyn| ≤

(
∞∑
n=1

|yn|

)
.sup
n≥1
|xn|

=‖ȳ‖.‖x̄‖, x̄ ∈ c0.

We also note that ψ is linear:

ψ(ȳ1 + ȳ2) = φȳ1+ȳ2 = φȳ1 + φȳ2
ψ(αȳ) = φαȳ = αφȳ, ȳ1, ȳ2, y ∈ l1, α ∈ K.
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Further, since ‖φȳ‖ ≤ ‖ȳ‖, we see that ‖ψ(ȳ)‖ = ‖φȳ‖ ≤ ‖ȳ‖. Thus, to
complete the proof, it suffices to show that ψ is surjective and ‖ψ(ȳ)‖ ≥ ‖ȳ‖,
∀ ȳ ∈ l1. To this end, let φ ∈ c∗0 and put yn = φ(en), n ≥ 1.
Claim: ȳ = (yn) ∈ l1 and ψ(ȳ) = φ.

For n ≥ 1, consider x(n) =
(
x

(n)
i

)∞
i=1

where

x
(n)
i =

{
sgn yi, 1 ≤ i ≤ n

0, i > n.

Then, x(n) ∈ c0 ∀n ≥ 1 and

φ
(
x(n)
)

= φ

( ∞∑
i=1

x
(n)
i ei

)
=
∞∑
i=1

x
(n)
i φ(ei)

=
∞∑
i=1

x
(n)
i yi

=
n∑
i=1

|yi| ≤ ‖φ‖.‖x(n)‖ = ‖φ‖, ∀n ≥ 1.

This gives
∑∞

i=1 |yn| <∞ (ȳ ∈ l1) and

‖ȳ‖ ≤ ‖φ‖.

Finally, for x̄ ∈ c0, we have (by Exercise 7.2)

φ(x̄) = φ

( ∞∑
n=1

xnen

)
=
∞∑
n=1

xnφ(en)

=
∞∑
n=1

xnyn

= φȳ(x̄) = ψ(ȳ)(x̄),
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which means that φ = ψ(ȳ) and

‖ȳ‖ ≤ ‖ψ(ȳ)‖.

This completes the proof.

Theorem 7.4. For 1 < p <∞, l∗p = lq where 1
p

+ 1
q

= 1.

Proof. As in Theorem 7.3, we define

ψ : lq → l∗p, by

ψ(ȳ) = φȳ, where φȳ(x̄) =
∞∑
n=1

xnyn, x̄ = (xn) ∈ lp.

Hölder’s Inequality shows that φȳ ∈ l∗p :

|φȳ(x̄)| ≤
∞∑
n=1

|xnyn|

≤
( ∞∑

n=1

|xn|p
) 1

p
( ∞∑

n=1

|yn|q
) 1

q

= ‖ȳ‖q.‖x̄‖p, ∀ x̄ ∈ lp.

Thus ψ is a well-defined linear map such that

‖ψ(ȳ)‖ = ‖φȳ‖ ≤ ‖ȳ‖q. (13)

To complete the proof, we show that ψ is surjective and that ‖ψ(ȳ)‖ ≥ ‖ȳ‖q.
Thus, let φ ∈ l∗p and put yn = φ(en), n ≥ 1.
Claim: ȳ = (yn) ∈ lq and ψ(ȳ) = φ.
For n ≥ 1, consider the vector x(n) ∈ lp where

x
(n)
i =

{
|yi|q−1sgn yi, 1 ≤ i ≤ n

0, i > n.
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Now,

φ
(
x(n)
)

= φ

( ∞∑
i=1

x
(n)
i ei

)
=
∞∑
i=1

x
(n)
i φ(ei)

=
n∑
i=1

|yi|q ≤ ‖φ‖.‖x(n)‖p

= ‖φ‖.
( n∑

i=1

|yi|pq−p
) 1

p

= ‖φ‖.
( n∑

i=1

|yi|q
) 1

p

.

Upon dividing both sides by

(
n∑
i=1

|yi|q
) 1

p

, we get

( n∑
i=1

|yi|q
) 1

p

≤ ‖φ‖, ∀n ≥ 1, (14)

which means that ȳ ∈ lq. Finally, for x̄ ∈ lp, we have (by Exercise 7.2 (b)):

φ(x̄) = φ

( ∞∑
n=1

xnen

)
=
∞∑
n=1

xnφ(en)

=
∞∑
n=1

xnyn

= φȳ(x̄) = ψ(ȳ)(x̄),

which shows that ψ(ȳ) = φ and that by (14), we have

‖ȳ‖q ≤ ‖ψ(ȳ)‖.

so that combined with (13), this yields

‖ψ(ȳ)‖ = ‖ȳ‖q
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and the proof is complete.

Exercise 7.5. Show that the dual of l1 can be identified with l∞.

(Hint: Proceed exactly as in Theorem 7.3.)

Dual of C[a, b] :

Theorem 7.6. F ∈
(
C[a, b]

)∗ ⇔ ∃ g ∈ BV [a, b] such that

F (f) =

b∫
a

f dg, ∀ f ∈ C[a, b] (15)

and ‖F‖ = V (g).

Proof. If (15) holds, then |F (f)| ≤ ‖f‖
∫ b
a
dg, and, therefore

‖F‖ ≤
b∫

a

dg = |g(b)− g(a)| ≤ V (g).

Conversely, let F ∈
(
C[a, b]

)∗
and extend F to G on B[a, b] by HBT such

that ‖F‖ = ‖G‖. Define for t ∈ [a, b], ct = χ[a,t] and put g(t) = G(ct).
Claim:(1). g ∈ BV [a, b].
Let a = t0 < t1 < · · · < tn = b be a partition of [a, b] and put

h =
n∑
i=1

ki(cti − cti−1
),

where ki = sgn[g(ti)− g(ti−1)], 1 ≤ i ≤ n. Clearly, h ∈ B[a, b], and we have

G(h) =
n∑
i=1

ki[g(ti)− g(ti−1)] =
n∑
i=1

|g(ti)− g(ti−1)| ≤ ‖G‖‖h‖ = ‖G‖.

i.e; V (g) ≤ ‖G‖.

Claim:(2). F (f) =
b∫
a

f dg, ∀ f ∈ C[a, b].

Fix ε > 0 and choose δ > 0 such that

|x− y| < δ ⇒ |f(x)− f(y)| < ε, by uniform continuity of f (16)
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and ∣∣∣∣∣∣
b∫

a

f dg −
n∑
i=1

f(ti)
(
g(ti)− g(ti−1)

)∣∣∣∣∣∣ < ε, (17)

for all partitions P = {ti}ni=0 of [a, b] with ‖P‖ < δ. Consider the function
h0 =

∑n
i=1 f(ti)

(
cti − cti−1

)
in B[a, b].

Then,

G(h0) =
n∑
i=1

f(ti)
(
g(ti)− g(ti−1)

)
.

Putting in (17) gives ∣∣∣∣∣∣
b∫

a

f dg −G(h0)

∣∣∣∣∣∣ < ε. (18)

Finally, let t ∈ [a, b]. Then ∃ 1 ≤ i ≤ n such that t ∈ [ti−1, ti], so that, by
(16), we get

|f(t)− h0(t)| = |f(t)− f(ti)| < ε (because |t− ti| < δ).

In other words, ‖f − h0‖ < ε.
Putting together all these estimates gives∣∣∣∣∣∣

b∫
a

f dg − F (f)

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
b∫

a

f dg −G(h0)

∣∣∣∣∣∣+ |G(h0)− F (f)|

< ε+ |G(h0)−G(f)|
< ε(1 + ‖F‖).

Since ε > 0 was arbitrarily chosen, we arrive at (15).

Remark 7.7. In the above theorem, we have merely described the total-
ity of all bounded linear functionals on C[a, b]. However, it is still possi-
ble to identify the dual of C[a, b] as a space of functions of bounded vari-
ations on [a, b]. The fact that a function g ∈ BV [a, b] together with g +
c, (where c is a constant) define the same bounded linear functional on C[a, b]
via (15), suggests that in order to identify

(
C[a, b]

)∗
as a space of functions
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on [a, b], one has to look inside BV [a, b] and identify a suitable subspace Z
therein such that (

C[a, b]
)∗

w Z

with the bijective linear isometry being given by (15). It turns out that Z can
be chosen to be NBV [a, b], the space of ‘normalized function g of bounded
variation’ on [a, b] i.e;

g(a) = 0 and g is continuous on [a, b] from the right

lim
h→0
h>0

g(t+ h) = g(t), ∀ t ∈ [a, b].

Further, it turns out that to each g ∈ BV [a, b], there exists an unique h ∈
NBV [a, b] such that

b∫
a

f dg =

b∫
a

f dh, ∀ f ∈ C[a, b], and

V (h) ≤ V (g).

This yields the desired (isometric) identification.(
C[a, b]

)∗
w NBV [a, b]

with the identification given by (15).
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