
IST, Bhaskaracharay Pratisthana, Pune
Hilbert spaces
Diganta Borah

1. For x, y ∈ C[0, 1], define

〈x, y〉0 =

¨
[0,1]×[0,1]

x(s)y(t) dsdt, 〈x, y〉 =

¨
[0,1]×[0,1]

sin(s− t)

s− t
x(s)y(t) dsdt.

Show that 〈·, ·〉0 is not inner product, but 〈·, ·〉 is an inner product on C[0, 1].

2. For x, y, z in an inner product space prove that

‖x− y‖2 + ‖x− z‖2 = 2
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and give a geometric interpretation.

3. Let h : R→ [0,∞) be a measurable function and define

E = {f ∈ L2(R) : |f(x)| ≤ h(x) a.e. on R}.
Show that E is a closed convex subset of L2(R) and determine PE .

4. Let M be the subspace of L2[−1, 1] consisting of all polynomials of degree at most 2. Show that M is
a closed subspace of L2[−1, 1]. Is the space of all polynomials a closed subspace of L2[−1, 1]? Compute
the orthogonal projection of x3 onto M .

5. Let E be a closed convex subset of a Hilbert space H, and x ∈ H. Prove that

‖v − PEx‖ ≤ ‖v − x‖, v ∈ E

and give a geometric interpretation.
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