
WEAK TOPOLOGIES

A. K. VIJAYARAJAN,
KERALA SCHOOL OF MATHEMATICS

Tutorial set -I
Note: At least (first) half of the problems below are simple warm-up

exercises. The rest may require some easy material we will run
through in the first class on 30th Oct. 17.

(1) Show that the topology of point-wise convergence on C[a, b] is
a weak topology.

(2) Show that the product topology on Cartesian product of topo-
logical spaces is a weak topology.

(3) Show that for a normed linear space X, the weak topology is
weaker than the norm topology.

(4) Show that the weak topology is Hausorff.
(5) Show that the weak topology is strictly weaker than the norm

topology.
(6) Show that in a Banach space weak convergent sequences are

bounded.
(7) H a Hilbert space and {xn} ∈ H. Then xn 7→ x imply that

〈xn, y〉 7→ 〈x, y〉 for all ∈ H.
(8) Show that every bounded set in a normed linear space is weakly

bounded ( a set A is said to be weakly bounded if f(A) is
bounded for each f ∈ X∗).

(9) Let X be a normed linear space {xn} a sequence in X which
converges weakly to x. Then there exists a convex combination
yk of xn such that yk → x as k → ∞. (Hint:A convex set in
a normed linear space X is closed if and only if it is weakly
closed).

(10) Show that in a finite dimensional normed linear space, weak
and norm topologies are the same (Hint: all norms on a finite
dimensional normed linear space are equivalent).

(11) Show that a weak open set in an infinite dimensional normed
linear space cannot be bounded.
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(11) Show that If a normed linear space is infinite dimensional, then
the norm and weak topologies are different.

(12) Show that in l1, a sequence converge weakly if and only if it
converge in l1 norm.
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